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Abstract I 
 
 
 
Abstract 
Ultrasound has been used as a Non-Destructive Testing method for colloids for 
characterising or monitoring purposes. The principle of ultrasound characterisation is 
based on measurements of ultrasound propagation in the tested sample, followed by 
interpretation of the experimental data using scattering models. One of the commonly 
used models is the single scattering model of Epstein and Carhart and Allegra and 
Hawley, which is often combined with the multiple scattering approach developed by 
Lloyd and Berry to account for the particle interactions in the acoustic field. These 
models have proved successful in application to dilute colloidal systems, but they are 
known to break down in highly concentrated systems due to non-acoustic field 
interactions. There are also situations where the particles to be characterised have 
unusual structures, such as hybrid particles with polymer modification on their surface. 
These particles have growing interest due to the potential application of their “smart 
surface”. The core-shell model by Anson and Chivers, has been shown to have some 
success in predicting the ultrasonic behaviour of such particles. However, the original 
core-shell model is a complicated model, which can be ill-conditioned under certain 
conditions and therefore limiting the application of this model. In order to address the 
issues above, the primary aim of this research was to develop and validate models for 
ultrasonic propagation in concentrated nano-suspensions and suspensions of particles 
modified with polymers. The limits of applicability of the classic ECAH/LB model for 
highly concentrated suspensions in the nano-scale was explored experimentally. The 
new model developed by Forrester and Pinfield was studied as a solution to interpret 
shear interactions between particles in concentrated suspensions. An analytical 
approximation was derived for the core-shell model and validated. The analytical 
solution was compared both analytically and numerically with Anson and Chivers full 
matrix model and the ECAH model. The possibility of applying the ultrasonic technique 
to core-shell nano-particles was investigated, and the core-shell model was validated 
experimentally with polymer-modified particle suspensions.   
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𝑟𝑐, 𝑟𝑠  Radius of the core and that of the core plus the shell 
(overall radius of core-shell particle)  
𝑤𝑝  Weight fraction of the polymer shell in poly(DEA)-coated 
silica  
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∆𝑤, ∆𝑤𝑠  Percentage difference in the weight of poly(DEA)-coated 
silica over its original weight between 150 °C and 500 °C 
and that of unmodified silica  
𝑡𝑝  Dry brush thickness of the poly(DEA) layer of poly(DEA)-
coated silica particle  
𝑑𝑑𝑟𝑦, 𝑑𝑤𝑒𝑡  Diameter of poly(DEA)-coated silica when it is dry and 
when it is wet  
𝑑𝑠  Diameter of unmodified silica particle  
𝑉𝑑𝑟𝑦, 𝑉𝑤𝑒𝑡  Volume of poly(DEA)-coated silica particles when they are 
dry and when they are wet  
𝑊𝑝  Pulse width  
𝐻(𝜔)  Frequency response of the tested material  
𝑌(𝜔)  Frequency response of the received signal  
𝑋(𝜔)  Frequency response of the excitation signal  
𝑇(𝜔)  Frequency response of the transmitting transducer  
𝐶1(𝜔)  Coupling between the transmitting transducer buffer layer 
and the tested medium  
𝐶2(𝜔)  Coupling between the receiving transducer buffer layer and 
the tested medium  
𝑅(𝜔)  Frequency response of the receiving transducer  
𝐸(𝜔)  Frequency response of the instrument electronics  
𝑌𝑅𝐸𝐹(𝜔)  Frequency response of the received signal for water 
calibration  
𝐶1𝑅𝐸𝐹(𝜔)  Coupling between transmitting transducer buffer layer and 
water  
𝐻𝑅𝐸𝐹(𝜔)  Frequency response of water  
𝐶2𝑅𝐸𝐹(𝜔)  coupling between receiving transducer buffer layer and 
water  
𝜔  Angular frequency  
𝛼  Attenuation coefficient  
𝛼𝑤(𝜔)  Attenuation coefficient for water at 25 °C (in Neper m
-1 s-2)  
Glossary list of symbols XVIII 
 
 
 
𝜆  Wavelength  
𝜌  Density of suspended phase  
𝜀  Compressibility  
𝜇  Shear modulus  
𝜅  Thermal conductivity  
𝜂  Shear viscosity  
𝜃  Angle with respect to the incident wave  
𝜃𝑖, 𝜃𝑟  Incident angle and Reflection angle  
𝛿𝑡, 𝛿𝑠  Decay length of thermal and shear waves  
𝜎  Thermometric diffusivity, 𝜎 = 𝜅/𝜌𝐶𝑝  
𝜈  Kinematic viscosity, 𝜈 = 𝜂/𝜌  
𝛽  Thermal dilatation  
𝛾  Ratio of specific heats  
𝜑  Scalar wave potential  
𝜑𝑐, 𝜑𝑡, 𝐴𝛹  Wave potentials of compressional, thermal and shear 
waves  
𝜙  Volume fraction  
𝜙𝑑𝑟𝑦, 𝜙𝑤𝑒𝑡  Dry volumetric concentration and wet volumetric 
concentration (hydrodynamic concentration) of poly(DEA)-
coated silica particles  
𝜙𝑚  Mass fraction  
𝛿  Average inter-particle distance  
𝜌𝑝, 𝜌𝑠  Density of poly(DEA) shell in modified silica and that of 
unmodified silica  
𝜌𝑤  Density of water (continuous phase)  
?̂?  density ratio of the solid particle divided by that of the 
liquid continuous phase (water)  
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Chapter 1 Introduction 
Colloids are defined as mixtures of one substance (known as the dispersed phase) 
uniformly dispersed in another (known as the continuous phase), where the dispersed 
particles are in a dimensional scale of 1 nm to 1 μm. There are a wide range of process 
products that are either colloids in the product state or processed through a colloidal 
form [6], including food products such as mayonnaise and various sauces, agricultural 
sprays, personal care products such as shaving cream and toothpaste, paints and inks, 
and pharmaceuticals. Due to the nature of most of them in application, the 
performance, quality and stability of the products are very important and they are 
often greatly determined by the size and concentration of the particles or droplets in 
the colloidal products. It is thus of great interest to develop a technique to characterise 
and monitor these properties. For example, for some colloidal products phase 
separation is likely to occur during the manufacturing process due to coalescence, 
causing the final product to be non-uniformly dispersed, which is unattractive to 
consumers. Thus, it is important to have control over the manufacturing process 
before the product reaches its required functionality.  
There are a number of techniques that are already commercially available for 
characterising or monitoring purposes, and they have been summarised by Challis et al. 
and Povey [6,7]. Ultrasound has been successfully used as a Non-Destructive Testing 
method for colloidal systems. It can be used for particle characterisation, e.g. particle 
sizing and concentration determination [8–12] as well as process monitoring, e.g. for 
creaming and crystallisation [13,14].  The main advantage of this technique is that it 
does not require sample dilution, which is often required by other techniques and 
which can potentially alter the characterised sample. This makes ultrasonics suitable 
for application in-line for efficient characterising or monitoring processes. Ultrasonic 
characterisation techniques can also be used as an alternative to optical techniques 
(e.g. dynamic light scattering), when these fail to work on highly concentrated samples 
[6,7].  
The principle of ultrasound characterisation is based on measurements of ultrasound 
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propagation in the tested media, followed by interpretation of the experimental data 
using models [7]. For example, ultrasound spectroscopy for particle characterisation 
involves the measurement of the attenuation or the speed of sound in the sample over 
a broad frequency range, followed by the comparison of the experimental data with 
the predicted results by models, from which a particle size distribution (PSD) is 
estimated [7]. The investigation of ultrasound propagation has advanced over decades 
since Rayleigh’s theory of sound in the 19th century and there are a number of 
approaches which have been developed for acoustic characterisation for different 
systems. These include Dukhin’s absorption and scattering theory of ultrasound for  
particles [15,16], the diffusing acoustic wave spectroscopy approach by Aubry and 
Derode [17], Leroy and Derode [18], and Viard and Derode [19], and the combined 
ballistic measurement/diffusion model method by Page [20,21] for resonant scatterers, 
Stintz’s backscattering/semi-empirical multiple scattering approach for concentrated 
dispersions [22,23], Hemar, Herrmann and McClements’ effective medium (core-shell) 
model for emulsions of high concentration [24], Evans and Attenborough’s coupled 
phase theoretical approach [25,26] based on Harker and Temple’s work [27], and 
multiple scattering models used by Brunet et al. [28] for acoustic meta-materials. The 
multiple scattering models of Foldy [29], Waterman and Truell [30], Fikioris and 
Waterman [31], Lloyd and Berry [3] have been used for interpretation of ultrasound 
measurements in various particulate systems, including bubbles in liquid [32], liquid in 
liquid emulsions [33,34] and solid in liquid suspensions [9,35]. This research project 
concerns the propagation of ultrasound in suspensions of solids in liquids, where the 
dispersed particles are non-resonant and multiple scattering models are used for 
measurement interpretation.  
Multiple scattering models are a method to account for the effects of all particles in 
the acoustic field. But before that, the acoustic field of individual particles should be 
considered. The theory based on the early work by Epstein and Carhart [1] and Allegra 
and Hawley [2] is commonly used. This “ECAH” model considers one single particle in 
an infinite medium, where a plane compressional wave (or equivalently, longitudinal 
or acoustic wave) is transmitted to the particle and scattered, with some thermal and 
shear effects. This model combined with the multiple scattering approach developed 
by Lloyd and Berry [3] to account for the multiple scattering effects of the 
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compressional mode in systems containing many particles, is referred to in this work 
as the ECAH/LB model. The ECAH/LB model has shown its success in predicting 
ultrasonic behaviour in dilute colloidal systems [1,2]. However, the model is known to 
have some limits in its applicability as it tends to overestimate the attenuation of 
sound in highly concentrated systems, as demonstrated by Hipp et al. [35,36], 
McClements  [24] and Pinfield [37]. This is because the ECAH/LB model assumes no 
thermal and shear interactions between particles and they should be considered when 
particle concentration is high and therefore particles are more closely packed. Previous 
work by Pinfield [38] building on a multiple scattering model developed by Luppé et al. 
[39] dealt with thermal effects in emulsions. In the context of nano-suspensions, it is 
the additional shear effects which instead need to be calculated and included for a 
better model prediction; with this aim, a new model has recently been developed by 
Forrester and Pinfield [5] based on the same multiple scattering formulation [39]. The 
experimental investigation of the validity of this new model for solid in liquid 
suspensions is reported in this thesis.  
There are situations where the samples to be characterised have unusual structures 
(e.g. hybrid materials such as particles with a thin polymer coating on the surface) for 
specific applications (e.g. controlled release of active ingredients in pharmaceutical 
applications), and they are sensitive to environmental conditions (e.g. pH). For 
example, there has been a growing interest in synthesis of solid particles with polymer 
modification. This is because they have ‘smart surfaces’ (due to polymer modification) 
which respond to the surrounding environment, e.g. pH, temperature, solvent and 
ionic strength, and therefore have many potential applications, e.g. tertiary oil 
recovery, and temperature or pH sensors [40,41]. Most characterisation techniques 
are not suitable as they often assume homogeneity of the particles in the sample (e.g. 
techniques using optical scattering assume spherical scatterers with a single refractive 
index), and therefore the shell in such hybrid particles makes measurement 
interpretation difficult. Also, some techniques which require sample dilution may 
potentially alter the nature of the tested sample. Instead, ultrasound can be used to 
detect the shell layer of such hybrid particles without the risk of damaging it. For such 
core-shell particulate systems, it is necessary to develop a new scattering model or 
apply an existing one, as the classic models for homogeneous particles are not 
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applicable and need to be extended to incorporate the shell in the boundary 
conditions. The core-shell model by Anson and Chivers [4], has been shown to have 
some success in predicting the ultrasonic behaviour of hybrid particles in liquid [42]. It 
also has the versatility that it can be used to address the multiple scattering problem 
in concentrated particulate systems, with the interpretation by Hipp et al. [35,36]. 
However, the original core-shell model is a complicated model, which can be ill-
conditioned (the columns of the matrix equation become nearly singular when 
thermal or shear terms have negligible contributions) and therefore limiting the 
application of the model.  
In order to address the issues discussed above, the overall aims of this research are: 
• To develop and validate models for ultrasonic spectroscopy of concentrated 
nano-suspensions.  
• To develop and validate analytical models for application of ultrasound to 
responsive nano-particles modified with polymers.  
To achieve these two main aims, the proposed objectives are as follows:  
i. To establish experimental validation of the recently developed model for 
ultrasound spectroscopy in concentrated suspensions including shear 
interactions between particles.  
ii. To develop and validate an analytical approximation for the core-shell model 
for use with either (a) core-shell nano-particles or (b) concentrated 
suspensions based on the effective medium/multiple scattering formulation of 
Hipp et al.  
iii. To investigate experimentally (a) the feasibility of use of applying ultrasound 
to core-shell particles, and (b) the validity of the core-shell model for core-shell 
nano-particles.  
Firstly, the limits of applicability of the classic ECAH/LB model for highly concentrated 
suspensions in the nano-scale has been explored experimentally. The new model 
developed by Forrester and Pinfield [5] has been studied as a solution to interpret 
shear interactions between particles in concentrated suspensions. Silica suspensions 
of different particle sizes at different concentrations have been chosen for the 
experimental investigation of the model. Secondly, an analytical approximation has 
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been derived for the core-shell model and validated. The analytical solution has been 
compared both analytically and numerically with Anson and Chivers full matrix model 
and the ECAH model (in special cases). Lastly, the possibility of applying the ultrasonic 
technique to core-shell nano-particles has been investigated, and the core-shell model 
has been validated experimentally with polymer-modified silica particle suspensions.  
Within the framework of the opening discussion above, this thesis takes the following 
structure. A review of the literature on ultrasound propagation and scattering theories 
will be presented following this brief introduction. The well-established ECAH/LB 
model will be introduced, with a discussion of the limit of its applicability. Two models 
are studied as possible solutions to the multiple scattering problem, including (a) a 
new multiple scattering model to incorporate the conversion of shear waves back into 
compressional mode and vice versa in the scattering problem, based on Luppé et al. 
[39]; and (b) a core-shell model which can be modified into an effective 
medium/multiple scattering hybrid model following the interpretation by Hipp et al. 
[35,36]. The new model which accounts for the shear effects in multiple scattering in 
concentrated suspensions will be introduced in Chapter 2 and investigated 
experimentally in Chapter 5. In Chapter 3 an analytical solution to the core-shell model 
is obtained, for direct use for core-shell nano-particles or with modification following 
the approach by Hipp et al. [35,36] for concentrated suspensions. By applying 
assumptions to the core-shell model, simplifications are made, such that an analytical 
solution can be derived. Its accuracy is tested against the original full matrix model and 
the ECAH model in certain special cases. In Chapter 4, a full description of the 
experimental methods used in this research is given, including the production of 
particle suspensions and the ultrasonic measurements. Chapter 5 presents the results 
of the experimental investigation on silica nano-particles at various concentrations and 
silica nano-particles modified with a polymer, and the comparison of the results with 
model predictions. Experimental results are compared with theoretical predictions 
using different scattering models including the ECAH/LB model, the new model to 
include shear effects for suspensions, and the Anson and Chivers core-shell model with 
single scattering only and with multiple scattering by LB. This is then followed by a 
thesis summary, conclusions and some recommendations for future work in Chapter 6.  
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Chapter 2 Theories of ultrasound 
propagation in particulate systems 
2.1 Introduction  
This chapter provides an overview of the theories of ultrasound propagation in 
particulate systems. As already explained in the last chapter, ultrasonic 
characterisation techniques are based on the propagation of ultrasound in materials. 
The theory of ultrasound propagation dates back to the work by Lord Rayleigh in the 
19th century [43,44]. Since his “The Theory of Sound” there has been a considerable 
amount of theoretical work on applications of ultrasound. In order to understand how 
ultrasound is used to characterise colloids, it is important to have an appreciation of 
the basic theories of the propagation of ultrasound in particulate systems. In the 
process of ultrasonic characterisation, physical properties are estimated and scattering 
models are used to predict the ultrasonic characteristics and compared with those 
measured instrumentally. A widely used model is the single scattering model by 
Epstein and Carhart [1] and Allegra and Hawley [2], which is often coupled with the 
multiple scattering model by Lloyd and Berry [3]. These models have seen their success 
in application to dilute systems over decades [1,2] but they are also known to break 
down in concentrated systems [24,35–37]. Recently, a new model has been developed 
by Forrester and Pinfield [45] following the method of Luppé et al. [39], to account for 
the shear effect in concentrated suspensions as a solution to the multiple scattering 
problem. Another approach is to use the core-shell model. There has been a growing 
interest in complex particles with smart coatings, which have many potential 
applications [46,47]. The need to characterise colloids made with such particles 
without changing their nature (such as their pH and concentration) has encouraged 
the application of core-shell model which was originally developed by Anson and 
Chivers [4].  
Following this section, the basic knowledge of ultrasound propagation is provided in 
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section 2.2. and the measurement techniques for ultrasonic characterisation are 
described and compared in section 2.3, followed by a brief introduction to the theory 
of ultrasound scattering in section 2.4. A detailed and comprehensive review of the 
development of the single scattering ECAH model is provided in section 2.5, followed 
by various approaches to calculate the effective wavenumber which relates to sound 
attenuation and sound (including the LB model), where the limitations of the models 
are also explained. The new model accounting for shear effects in concentrated 
suspensions is provided in section 2.6 and a tour of the development of the Anson and 
Chivers model for core-shell particles is provided in section 2.7, followed by a brief 
conclusion to this chapter in section 2.8.  
2.2 Basic theory of ultrasound propagation 
The term ‘ultrasound’ refers to sound waves that exceed the frequency limit of human 
hearing (about 20 kHz). Like other sounds, they are mechanical waves; in another 
words, they can be regarded as variation in force or pressure. When ultrasound is 
applied to a material, displacement occurs at various positions of the material due to 
the pressure of the sound wave. If the sound wave stress does not exceed the limit of 
the elasticity of the material, an elastic restoring force will bring the material back to 
its initial equilibrium position [48], as shown in Figure 2.1. This means this level of 
ultrasound energy is non-destructive as it does not alter the properties of the material. 
Unless otherwise stated, in this research only such low-intensity ultrasound is used. 
High-intensity ultrasound is not of concern here and will not be included in discussion 
here.  
There are two main ways an ultrasound wave can propagate depending on how the 
material moves relative to the propagation direction of the ultrasound wave [48]. If 
the material moves back and forth in the same direction the ultrasound wave travels, 
it is called a longitudinal wave (or compressional wave), see Figure 0.1 (a). On the other 
hand, if the movement of the material is perpendicular to the ultrasound propagation 
direction, it is called a transverse wave (or shear wave), see Figure 0.1 (b). Unless stated 
otherwise, the ultrasonic wave source described in this thesis is always a 
compressional wave.  
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Figure 0.1 Representation of a single cycle, sinusoidal, plane-travelling longitudinal or 
compression wave (a) and transverse or shear wave (b), which depend on the direction of the 
pressure applied to the material, adapted from [7].  
As an ultrasound wave propagates through a material, its amplitude decreases with 
propagation time and distance due to sound attenuation. This phenomenon can be 
described in terms of the variation of sound pressure with distance and time [48]:  
𝑝 = 𝑝0𝑒
𝑖(𝑘𝑥−𝜔𝑡) (2.1) 
where 𝑝 is instantaneous pressure perturbation due to the ultrasound wave, 𝑝0 is its 
maximum at the sound source, 𝑖 = √−1, 𝜔 is angular frequency, 𝑡 is propagation time, 
𝑥 is propagation distance and 𝑘 is the complex wave number (with a real part 𝑘′ and 
an imaginary part 𝑘′′), which is related to the attenuation coefficient 𝛼 and speed of 
sound 𝑐 in the material as [7]:  
𝑘 = 𝑘′ + 𝑖𝑘′′ =
𝜔
𝑐
+ 𝑖𝛼 (2.2) 
Substituting Equation 2.2 to Equation 2.1 gives  
𝑝 = 𝑝0𝑒
𝑖(𝑘′𝑥−𝜔𝑡)𝑒−𝛼𝑥 (2.3) 
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Equation 2.3 describes how a pressure wave varies in time with a frequency 𝜔 and in 
space with a wavelength 𝜆, as well as how its amplitude decays with an attenuation 
exponent 𝛼𝑥 . The attenuation of ultrasound is caused by the dissipation of sound 
energy and this will be discussed later in this section.  
The characteristics of an ultrasound wave propagating through a material is dependent 
on the physical properties of the material. The relationship can be described by the 
following equation [49]:  
𝜔
𝑘
= √
𝐸
𝜌
(2.4) 
where 𝜌 is the density of the material, and 𝐸 is the elastic modulus of the material. For 
highly attenuating materials 𝑘 is complex and frequency dependent and therefore so 
are the elastic modulus and density of the material. When the material is less 
attenuating (i.e. 𝛼 ≪
𝜔
𝑐
), Equation 2.4 becomes:  
𝑐 = √
𝐸
𝜌
(2.5) 
This equation relates the ultrasonic velocity in a material to its elasticity and density, 
which is true for most homogeneous materials [50]. It indicates that materials with a 
lower density yet higher elasticity will allow ultrasound to propagate faster and vice 
versa. The effect of elasticity is often more dominant than density on velocity and this 
explains why sound speed is faster in solids than water even though solids are usually 
denser than liquids.  
For liquids and gases the elastic modulus 𝐸 is the bulk modulus which is the reciprocal 
of compressibility 𝜀 and for solids the elastic modulus is the bulk modulus plus 4/3 the 
shear modulus 𝜇  [51]. Thus, it is possible to measure the ultrasonic velocity in a 
material in order to estimate its compressibility or vice versa, i.e. for liquids and gases  
𝑐 = √
1
𝜌𝜀
(2.6) 
and for solids  
𝑐 = √
1
𝜌𝜀
+
4𝜇
3𝜌
. (2.7) 
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In most ultrasonic characterisation techniques, the attenuation coefficient 𝛼  and 
velocity of sound 𝑐 are the key acoustic parameters measured. Another important 
acoustic property is the impedance of the material 𝑍, which is defined as the ratio of 
wave pressure 𝑝 over particle velocity 𝑣 [15]:  
𝑍 =
𝑃
𝑣
=
𝜔𝜌
𝑘
(2.8) 
Substituting Equation 2.2 into Equation 2.8 and rearranging gives:  
𝑍 = 𝜌𝑐 (1 − 𝑖
𝛼
𝑘
) (2.9) 
Thus, the general acoustic impedance of a material is complex with a real and 
imaginary part. For most materials 𝛼 ≪
𝜔
𝑐
 and therefore Equation 2.9 is simplified as:  
𝑍 = 𝜌𝑐 (2.10) 
The acoustic impedance is an important property in the interaction of ultrasound with 
heterogeneous systems. When an ultrasound wave encounter an impedance 
difference, which is the case for all heterogeneous systems, part of the wave is 
reflected or transmitted at the phase boundary (shown in Figure 0.2), due to the 
impedance difference between the two materials [50].  
 
Figure 0.2 Sound propagation phenomenon at the discontinuous boundary of two materials, 
where an incident wave is partly reflected and transmitted, adapted from [15].  
This phenomenon is somewhat similar to light reflection and transmission at phase 
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interfaces, i.e. the reflection angle of the ultrasound wave at an interface is equal to 
the incident angle, which can be expressed as:  
𝜃𝑖 = 𝜃𝑟 (2.11) 
where the indexes 𝑖 and 𝑟 refer to incident wave and reflected wave respectively. Also, 
the transmitted wave and the incident wave must satisfy the following relationship:  
sin 𝜃𝑖
sin 𝜃𝑡
=
𝑐1
𝑐2
(2.12) 
where indexes 1 and 2 refer to the different materials and index 𝑡 corresponds to 
transmitted wave. The degree of the transmission or reflection of the ultrasound can 
be described as a transmission coefficient 𝐶𝑇 or reflection coefficient 𝐶𝑅 . They are 
expressed as a ratio of the pressure of the transmitted wave 𝑃𝑡 or reflected wave 𝑃𝑟 
over the incident wave 𝑃𝑖  [15]:  
𝐶𝑇 =
𝑃𝑡
𝑃𝑖
=
2𝑍2 cos 𝜃𝑖
𝑍2 cos 𝜃𝑖 + 𝑍1 cos 𝜃𝑡
(2.13) 
𝐶𝑅 =
𝑃𝑟
𝑃𝑖
=
𝑍2 cos 𝜃𝑖 − 𝑍1 cos 𝜃𝑡
𝑍2 cos 𝜃𝑖 + 𝑍1 cos 𝜃𝑡
(2.14) 
If we assume normal incidence where 𝜃𝑖 = 𝜃𝑡 = 0 , the equations above can be 
simplified [15]:  
𝐶𝑇 =
2𝑍2
𝑍2 + 𝑍1
(2.15) 
𝐶𝑅 =
𝑍2 − 𝑍1
𝑍2 + 𝑍1
(2.16) 
These equations show that when two materials have very small difference in acoustic 
impedance, only a very small portion of the ultrasound wave is reflected (e.g. oil and 
water), and when the impedance difference is significantly large between the two 
materials, most of the incident wave is reflected (e.g. air and water). When applying 
ultrasound to colloids, the interfaces between the two phases are often curved rather 
than planar and therefore not only the acoustic impedances but also the incident angle 
should be considered in the transmission and reflection of the ultrasound wave.  
This section presented the basic knowledge about ultrasound propagation which is 
essential in the application of ultrasound to particulate systems. In the next section, a 
number of ultrasound measurement techniques will be introduced and compared.  
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2.3 Ultrasonic measurement techniques  
As described earlier, the ultrasonic characteristics of materials can be measured and 
analysed to obtain their physical properties. There are a number of different 
measurement systems available commercially or in laboratory. Despite the different 
purposes they are designed for, the common measurement techniques adopted in 
these systems can be categorised based on the types of ultrasonic waves used and 
they are [49]: continuous wave, tone burst and broadband pulse (shown in Figure 0.3). 
The broadband pulse system is the most widely used due to its easy-to-operate nature 
and rapid measurement, which make it a potential technique to be used for in-line 
pipe flow monitoring [49]. Continuous wave techniques are used when more precise 
ultrasonic information is required (usually for research purposes in the laboratory) [49]. 
A tone burst is technically a narrower band pulse and an example is the Dispersion 
Technology DT100 Acoustic Spectrometer [7].  
Continuous 
wave
Tone burst
Pulse
(a)
(b)
(c)
 
Figure 0.3 Types of waves used in ultrasonic systems for characterising materials, including: 
(a) continuous waves, where the energy is focus at a single frequency; (b) tone bursts, where 
the energy is spread out over a narrow range around a particular frequency; and (c) broadband 
pulses, where the energy is spread out over a wide range around a particular frequency, 
adapted from [49].  
In broadband pulse systems (shown in Figure 0.4), the typical configuration includes 
an ultrasonic signal generator with one transducer or a pair, a cell containing the 
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sample and an oscilloscope [49]. An electronic pulse is produced by the generator and 
converted by the transducer into an ultrasonic signal, which then travels through the 
sample in the measurement cell. Depending on the measurement modes used in the 
system, the transmitted signal is either received by the same transducer or another 
one (referred to as a “receiving transducer”). The received ultrasonic signal is then 
converted back into electronic form and captured by the oscilloscope. Due to 
attenuation of the ultrasonic wave as it propagates and the reverberation of the wave 
in the sample, a series of pulses with decreasing amplitude are captured on the 
oscilloscope. These echoes are useful information for calculating the sound velocity 
and attenuation coefficient of sound in the sample, which can then be analysed by 
theoretical models to determine physical properties of the sample, such as particle 
size and concentration.  
There are two measurement modes in this system, a Pulse-Echo mode (Figure 0.4 (a)) 
and a Through-Transmission mode (Figure 0.4 (b)) [34]. In Pulse-Echo mode, one 
transducer is positioned at the top of the sample cell transmitting the ultrasonic signal, 
which travels through the tested medium and reflects at the bottom of the sample cell 
back to the transducer. In Through-Transmission mode, two transducers are positioned 
in parallel and immersed in the tested medium. The ultrasonic signal transmitted by 
one transducer through the tested medium in the sample cell is received by the other 
transducer. In this case, the reflecting interface is the transmitting transducer. In both 
cases, the reflection of the ultrasonic wave goes on until the signal dies away due to 
attenuation in the tested medium (the mechanisms are explained in section 2.4). 
These reverberation components are digitised by the oscilloscope (see Figure 0.4 (c)) 
and as a result, each measurement is limited to a minimum time between successive 
measurements (typically 10 ms). The pulse signal is sent repeatedly (e.g. at a frequency 
of 500 Hz or in 2 ms intervals) and coherent measurements can be used to average 
over response from consecutive pulses, in order to improve the signal to noise ratio 
(known as SNR). As a result, it can take more than several seconds depending on the 
number of averages selected. The velocity and attenuation coefficient can be 
calculated from these recorded signals, i.e. the sound velocity 𝑐 can be calculated from 
the pathlength 𝑑 and the time interval (𝑡2 − 𝑡1) between two arrivals of the sound 
wave at the receiver:  
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𝑐 =
2𝑑
𝑡2 − 𝑡1
(2.17) 
Using Fast Fourier Transform (an algorithm that samples a signal over a period of time 
or space and divides it into its frequency components) the time domain signal can be 
converted into the frequency domain response, which is then used to determine the 
attenuation coefficient. Since in this system the signal is generated by high voltage 
short duration spike excitation, a single pulse is able to produce frequency data in a 
wide range. In Tone Burst, the transmitting transducer is toned to generate cycles of 
pulses of a single frequency. The frequency dependence of ultrasonic characteristics is 
therefore produced in a much narrower range, or given by a number of measurements 
at different frequencies [7]. The full details of calculating velocity and attenuation of 
sound is provided in Chapter 4 section 4.3.  
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Figure 0.4 Schematic diagram showing two ultrasound measurement modes, which are: (a) 
Pulse-Echo mode and (b) Through-Transmission mode, and (c) the signal captured on the 
oscilloscope using these two methods, adapted from [49].  
Continuous Wave is another type of ultrasound used in ultrasonic measurements and 
the mostly commonly used instrument is the interferometer [49]. The main 
components in a continuous wave device are similar to pulse type systems but the 
working principle is different as the ultrasonic signal produced is a continuous wave 
with a single frequency, as shown in Figure 0.3 (a). In an ultrasonic interferometer unit 
(see Figure 0.5), as the transmitted ultrasonic wave propagates, it is reflected more 
than once by the reflector and the transducer surface. At suitable frequencies and 
separation, standing waves are formed in the sample as the result of constructive and 
destructive interference and therefore the signal captured by the oscilloscope is a 
continuous series of waves [34]. The propagation distance of sound can be varied by 
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changing the position of the reflector, which in turn changes the amplitude of the 
waves due to attenuation, i.e. the peak amplitude can be reduced by moving the 
reflector away from the transmitting transducer (and therefore increasing the sound 
propagation distance) for more sound attenuation, and vice versa. Thus, multiple sets 
of wave signal can be obtained by varying the propagation distance and frequency, i.e. 
a new set of wave signal can be obtained by generating a new standing wave. For each 
measurement, the distance between two successive maxima is equal to half the 
ultrasonic wavelength and therefore the velocity can be calculated as 𝑐 = 𝑓𝜆 (𝑓 is the 
frequency) [50]. The attenuation coefficient can be estimated by comparing the 
change of peak amplitude (between multiple sets of measurements by varying 
propagation distance) as a function of the propagation distance. Similar to the pulse 
method, the quality of the measurement can also be improved by repeatedly 
comparing a large number of maxima and minima, but this approach can be time-
consuming [34]. For both pulse and continuous wave systems, the measurement 
frequency is dependent on the operating frequency of the transducers used. In 
continuous wave devices, the frequency of the measurement is determined by the 
resonant frequency of the crystal in the transducers, and it can be varied at odd 
harmonics of the resonant frequency of the crystal (e.g. 𝑓𝑟 , 3𝑓𝑟 , 5𝑓𝑟  , 7𝑓𝑟  )), at the 
expense of losing the intensity of the wave [49]. Thus, it is possible for continuous 
wave devices to perform a frequency scan on samples by making a measurement at 
one frequency followed by successive measurements at the odd harmonics. This can 
simply be achieved by changing the electronic signal inputs from the signal generator 
to the transducers. However, a frequency scan with continuous waves is significantly 
more time-consuming than rapid measurements using pulsed waves, as individual 
measurement is carried out for each frequency point while in pulsed measurements, 
ultrasonic characteristics can be obtained over a wide frequency with transducers of a 
single centre frequency.  
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Figure 0.5 Schematic diagram of an ultrasonic interferometer unit, where the transducer is 
transmitting and receiving ultrasonic signals in the sample cell, standing waves are formed 
and the acoustic wavelength is twice the distance between two successive maxima, adapted 
from [48].  
In this section, ultrasound measurement techniques have been categories based on 
the types of waves used. Comprehensive theories which relate the ultrasonic 
characteristics to the physical properties are required to interpret ultrasound 
measurements on particulate systems.  In the next section, the physics of sound 
propagation in particulate systems is described where the mechanisms of sound 
scattering are considered.  
2.4 Sound scattering theories  
When an ultrasound wave is propagating through a particulate system, there are a 
number of wave-particle interaction mechanisms, which have been summarised by 
Dukhin and Goetz [15]. In such heterogenous systems, the most important 
mechanisms include: (1) acoustic scattering which refers to the redirection of an 
ultrasound wave; (2) thermal mechanism which is caused by thermodynamic coupling 
between pressure and temperature; and (3) shear mechanism which is caused by the 
relative motion between the particle and medium due to their density difference. 
There are also other mechanisms such as the intrinsic mechanism that occurs on a 
molecular level, the structural mechanism that relates acoustics to rheology and the 
electro-kinetic mechanism that is important in electroacoustic applications; however, 
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these mechanisms are not considered in this research due to their irrelevance or 
negligible contribution to the ultrasonic characteristics investigated here, i.e. 
attenuation. These mechanisms can also be categorised based on the way the sound 
energy is transformed. The change in sound energy as the ultrasound propagates is 
often caused by: (1) absorption, which eventually converts the sound energy into 
thermal energy; and (2) scattering, which refers to the redirection of the acoustic 
energy from the propagating ultrasound [15]. Despite the argument as to whether 
absorption should be separated from scattering as an independent factor in applying 
ultrasound to particulate systems, the term scattering used in this research project 
includes the effects of thermal and shear dissipation mechanisms so that the change 
of sound energy can be considered solely caused by scattering. Thus, the scattering of 
ultrasound in theory has three modes: acoustic (or compressional), thermal and shear, 
and in particulate systems, these wave modes exist both in the dispersed and 
continuous phases. They have the following wavenumbers [2]:  
𝑘𝑐 =
𝜔
𝑐
+ 𝑖𝛼 (2.18) 
𝑘𝑡 = (
𝜔𝜌𝐶𝑃
2𝜅
)
1
2
(1 + 𝑖) (2.19) 
𝑘𝑠 = (
𝜔2𝜌
𝜇
)
1
2
(2.20) 
where 𝑘  is the wavenumber, with subscripts 𝑐, 𝑡, 𝑠  denoting the compressional, 
thermal and shear mode respectively, the angular frequency is 𝜔 and the speed and 
attenuation of the compressional mode are represented by 𝑐  and  𝛼  respectively, 
physical properties of the material are denoted by 𝜌 for the density, 𝐶𝑃 for the heat 
capacity, 𝜅  for the thermal conductivity, and 𝜇  for the shear modulus. When 
considering a liquid, the shear wave number 𝑘𝑠 should be modified by replacing the 
shear modulus 𝜇  with −𝑖𝜔𝜂  ( 𝜂  is the shear viscosity). It can be seen from the 
wavenumber equations, that the thermal and shear wave modes have equal real and 
imaginary parts, so that they lose 1/𝑒 of their amplitude in a distance of 𝜆/2𝜋 where 
𝜆 is the wavelength. 
The theories of ultrasound scattering have advanced over recent decades since the 
pioneering work in the 19th century, by Stokes [52,53], Kirchoff [54,55] and Lord 
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Rayleigh [43,44]. Stokes’ theoretical investigation on the viscous losses and Kirchoff’s 
on the thermal losses in fluids were the basis of Rayleigh’s work. He studied the 
scattering physics of suspended particles in terms of a light or sound source, where 
the wavelength is ten times or more than the particle diameter. He developed the 
fourth power law which predicts the amplitude of scattered wave 𝐴𝑠 for small particles 
(ten times or smaller than the wavelength) in the direction with an angle of 𝜃 from the 
incident wave with an amplitude of 𝐴𝑖   and a wavelength of 𝜆 , by the following 
equation:  
𝐴𝑠 ∝ 𝐴𝑖
1 + cos 𝜃
𝜆4
(2.21) 
Lord Rayleigh’s theory of sound is a milestone in the history of scattering theories. He 
used partial wave expansion to interpret the interaction of a plane sound wave with a 
small particle, where the zero-order term represents its spherical pulsation due to the 
differences in compressibility and temperature between the particle and the 
surrounding liquid, and the first-order term represents the dipole radiation 
characteristics due to the density difference. Later Sewell [56] quantified analytically 
the attenuation of sound for inelastic, immovable particles in a gas. Years later, Lamb 
[57] removed the immobile particle assumption and obtained a new expression for 
calculating the attenuation of sound. Based on their work, Urick [58,59] developed a 
theoretical model to predict acoustic attenuation and he also adopted an effective 
medium approach to modify the Wood equation for calculating sound velocity for 
homogeneous systems. Then he collaborated with Ament [60] and derived an 
expression to obtain the complex wavenumber which can be used to calculate both 
the attenuation and velocity of sound. However, their model was based on a few 
assumptions, including negligible thermal losses, which was later examined by 
Isakovich [61].  
In ultrasonic scattering theories, scattering is defined as the transformation of energy 
from one kind into another or simply one mode of motion into another [48]. If the 
sound energy is scattered in the same direction as the travelling ultrasound wave, it 
will give rise to a change in the velocity of sound without any significant change in the 
amplitude. However, in real particulate systems which are the concern of this research, 
scattering of sound takes place at an interface in all directions as well as the 
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propagation direction. Thus, the sound wave that arrives at the detection point is the 
propagating ultrasound wave together with the waves scattered in the same direction.  
There are two stages in formulating a complete scattering theory, including: (1) the 
calculation of the effect of a plane wave on a single isolated particle, also called a 
microscopic theory; and (2) the calculation of combining the individual effects of each 
particle in the medium, also called a macroscopic theory [62]. The most classic 
examples are the ECAH single scattering theory [1,2] combined with the Lloyd and 
Berry multiple scattering approach [3]. 
Single scattering theories consider each particle as a spherical object suspended in an 
infinite medium where the propagating ultrasound is a plane wave of a single 
frequency [48]. When the incident wave is transmitted to the particle, the scattered 
waves produced tend towards plane at an infinite distance away from the object. In 
the infinitely far field the transmitted wave will eventually combine with the scattered 
wave, as shown in Figure 0.6.  
 
Figure 0.6 Schematic diagram of a propagating plane wave meeting a particle and resulting in 
spherically symmetric scattered waves, which tend towards plane at an infinite distance, 
adapted from [48].  
Multiple scattering refers to the phenomenon where the incident wave is scattered 
multiple times by several particles, as shown in Figure 0.7. In the multiple scattering 
theory, the re-scattering of the plane wave is only taken into account for once or twice 
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due to the fact that the scattered wave is reduced in intensity especially in the event 
of weak scattering (i.e. the amplitude of the scattered waves is much lower than the 
plane wave). In multiple scattering, the wave scattered by one particle reaches a 
neighbouring particle. For the second particle, the scattered wave from the first 
particle can be regarded as an incident wave which interacts with the second particle, 
producing a second scattered wave, which can also be incident on a third particle. The 
multiple scattering theory considers the incident wave at the particle as a result of the 
effects of the neighbouring particles and that of the unscattered part of the incident 
wave [48].  
 
Figure 0.7 Schematic diagram demonstrating multiple scattering of a plane wave by several 
particles, adapted from [48]. The wave arriving at the third particle consists of the wave 
transmitted into the system, the scattered wave from particle 1 and the dually scattered wave 
from particle 2, as well as other scattered wave combinations. 
For most colloids (especially those of submicron particle size), the long wavelength 
limit condition is established where the wavelength of the ultrasound propagating is 
significantly larger than the size of the particles (𝑘𝑟 ≪ 1, where 𝑟 is the particle radius). 
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In the long wavelength limit, the scattering of sound is often considered as a 
compressional mode energy transport. The incident compressional wave is scattered 
but it also results in the energy transport caused by the thermal and shear mechanisms 
at the interface [7], as shown in Figure 0.8.  
Particle 
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direction of 
propagation versus 
time plot for a 1MHz 
compressional wave 
in water at 20°C
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Figure 0.8 Scattering of ultrasound by a scatterer with monopole and dipole radiation due to 
thermal and shear effects respectively, where the size of the scatterer is exaggerated relative 
to the wavelength of sound for clarity, adapted from [7]. 
Thermo-elastic scattering (monopole radiation in Figure 0.8) is caused due to the 
pressure-temperature coupling [7]. When the ultrasound wave propagates through 
the particle, the local increase and decrease in pressure cause a cyclic heating and 
cooling process. Depending on the difference in thermal properties between the 
particle and the suspending medium, the extent of temperature change is different 
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between the two phases. This in turn results in a heat flow between the two phases. 
Also, the temperature fluctuation will cause cyclic expansion and contraction of both 
the particle and the suspending medium in the boundary. This brings a secondary 
source of wave, which contributes to the overall wave propagation. However the 
thermal wave evanescent with a decay length given by [33]:  
𝛿𝑡 = √
2𝜎
𝜔
(2.22) 
where 𝛿𝑡 is the thermal wave decay length and 𝜎 is the thermometric conductivity or 
thermal diffusivity (𝜎 = 𝜅/𝜌𝐶𝑝, 𝜌 for the density, 𝐶𝑃 for the heat capacity, 𝜅 for the 
thermal conductivity).  
Visco-inertial scattering occurs when there is a density contrast between the particle 
and suspending medium [48]. The sound wave applied to the particle causes the 
particle to oscillate relative to the suspending medium, depending on the density 
difference between them (longitudinal movement in Figure 0.8). This to-and-fro 
motion of the particle is the source of shear waves produced around the particle. This 
effect is sometimes reduced when the viscosity of the suspending medium is large and 
the motion is damped. But in general, the shear wave produced does not propagate a 
long distance away from the particle. The shear wave decay length can be calculated 
from the following equation [33]:  
𝛿𝑠 = √
2𝜈
𝜔
(2.23) 
where 𝛿𝑠 is the shear wave decay length and 𝜈 is the kinematic viscosity (𝜈 = 𝜂/𝜌, 𝜂 
for shear viscosity).  
Most of the scattering theories for particles much smaller than the acoustic 
wavelengths have used Rayleigh’s partial wave analysis where acoustic waves are 
expressed as a linear combination of different waves, each of a single frequency, with 
derivatives accounting for the time and spatial dependences of the waves. Examples 
of applying this partial wave analysis include Epstein and Carhart’s [1] attempt to 
calculate the scattering coefficients for a fluid droplet suspended in a fluid continuum, 
the determination of velocity and attenuation using multiple scattering theory by Lloyd 
and Berry [3] and Allegra and Hawley’s [2] experimental validation of scattering theory 
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in a emulsion (hexadecane in water) and a suspension (polystyrene spheres in water). 
These scattering models will be introduced in the following sections.  
2.5 The Epstein-Carhart and Allegra-Hawley model and its 
failure in concentrated systems  
2.5.1 Introduction to the ECAH model 
The most classic single scattering model is the ECAH model based on the work by 
Epstein and Carhart [1] and Allegra and Hawley [2]. The model considers the scattering 
of a plane wave incident on a single particle, resulting in thermal and shear waves as 
well as the compressional one, both inside and outside the particle. The total acoustic 
wave is a sum of the incident and scattered wave produced at the boundary. A change 
in velocity is due to the phase shift when the propagating incident wave is combined 
with the scattered wave. Attenuation of the sound wave is caused by the energy 
dissipation in the thermal and shear mode and also in the compressional mode itself. 
The attenuation in the pure continuous phase is often significantly smaller compared 
with that caused by the scattering at the particle surface [48].  
The earlier collaboration work of Epstein and Carhart [1] incorporated thermal and 
shear transport effects into the compressional wave propagation in liquid particle in 
liquid systems. Compressional and shear wave equations were derived for the particle 
and suspending medium respectively at the boundary, representing the scattering of 
the incident wave into both compressional and shear waves in the particle and in the 
continuous phase. The equations were then solved with the boundary conditions 
which included the continuity of radial and tangential displacements and stresses, and 
temperature and heat flux. Their work was later extended by Allegra and Hawley [2] 
to solid in liquid (as well as liquid in liquid) systems. They determined the attenuation 
by a linear summation of the viscous and thermal losses due to the scattering at each 
individual particle. The main assumptions in their theory are:  
• spherical and elastic particles;   
• no interactions between particles (free movement);  
• long wavelength limit and random distribution of the particles;  
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• dilute systems so that the thermal and shear waves do not overlap.  
They calculated the attenuation of sound for solid in liquid systems from the wave 
equations for the compressional, thermal and shear waves in elastic isotropic heat-
conducting solid media. The wave equations were obtained from the conservation 
laws of mass, momentum and energy, a stress-strain relation and two thermodynamic 
equations of state. The wave equations were then solved in spherical co-ordinates in 
terms of series expansions of spherical Bessel functions and spherical harmonics with 
undetermined coefficients. Six equations were then obtained by using the boundary 
conditions at the interface to obtain the coefficients obtained, which were related to 
the attenuation of sound. A review of the development of the ECAH model will be 
provided in the following sections.  
2.5.2 The ECAH field equations  
The field equations are obtained by linearising the conservation laws applied to a solid 
media [2]:  
𝜕𝜌
𝜕𝑡
+ 𝜌∇ ∙ 𝒗 = 0 (2.24) 
𝜌
𝜕𝒗𝑗
𝜕𝑡
+ 𝜌(𝒗 ∙ ∇)𝒗𝑗 = −
𝜕𝑃𝑖𝑗
𝜕𝑥𝑖
(2.25) 
𝜌
𝜕𝑈
𝜕𝑡
+ 𝑝∇ ∙ 𝒗 = ∇ ∙ (𝜅∇𝑇) (2.26) 
where 𝜌 is the mass density, 𝑡 is time, 𝒗 is the velocity of a volume element, 𝑃(𝜌, 𝑇) 
and 𝑈(𝜌, 𝑇)  are stress tensor and specific internal energy respectively which 
incorporate the pressure-temperature relationship, 𝜅 is thermal conductivity and 𝑇 is 
the absolute temperature. Since 𝒗  is a vector in three dimensions, the equations 
above can be separated into seven equations in seven unknowns, which are 𝒗, 𝜌, 𝜇, 𝑃 
and 𝑇 . After some rearrangement, their relationships can be described by the 
following equations [2]:  
𝜕2𝒗
𝜕𝑡2
=
−𝑐0
2𝛽
𝛾
∇
𝜕𝑇
𝜕𝑡
+
𝜇
𝜌
∇2 ∙ 𝒗 + ∇(∇ ∙ 𝒗) (
𝑐0
2
𝛾
+
𝜇
3𝜌
) (2.27) 
 
𝛾 − 1
𝛽
∇ ∙ 𝒗 +
𝜕𝑇
𝜕𝑡
= 𝛾𝜎∇2𝑇 (2.28) 
where 𝛽 is the thermal dilatation, 𝑐0 is the speed of sound for spherical compressional 
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wave in elastic isotropic solid, given by   
𝑐0 = √𝑐2 −
4𝜇
3𝜌
(2.29) 
and 𝛾 is the ratio of specific heats, given by  
𝛾 = 1 +
𝛽2c0
2𝑇
𝐶𝑝
(2.30) 
Note Equation 2.30 is a general relation for liquids and solids but for liquids 𝑐0 = 𝑐. 
2.5.3 The ECAH wave equations  
The vector element in the earlier section represents the local velocity of the fluid and 
it is written as the sum of two scalar potentials and a vector potential, by the following 
equation:  
𝒗 = −∇𝜑 + ∇ × 𝑨 (2.31) 
where φ = 𝜑𝑐 + 𝜑𝑡  , representing the longitudinal waves for compressional and 
thermal modes, and 𝑨 represents the transverse wave for shear mode. In the following 
sections, the vector potential  𝑨 is replaced by its only non-zero azimuthal component 
𝐴𝛹 due to axial symmetry in the single particle case. Differential equations can be 
obtained from the field equations and they can be solved for three wave potentials for 
the three wave modes as shown in Figure 0.9 [2]:  
(∇2 + 𝑘𝑐
2)𝜑𝑐 = 0 (2.32)                                                                                                                 
(∇2 + 𝑘𝑡
2)𝜑𝑡 = 0 (2.33) 
(∇2 + 𝑘𝑠
2)𝐴𝛹 = 0 (2.34) 
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Figure 0.9 Schematic diagram of the scattering of an incident compression wave with 
transition into compressional, thermal and shear waves, adapted from [63].  
2.5.4 Spherical harmonics  
Rayleigh partial wave analysis is used for defining the scattered fields (the wave 
potentials both in the continuous phase and the particle, shown in Figure 2.9), where 
wave potentials are described as a sum of waves of different angular and radial 
dependencies, as follows [6]:  
𝜑 = ∑ 𝑖𝑛(2𝑛 + 1)𝑍𝑛𝑧𝑛(𝑘𝑟)𝑃𝑛(cos 𝜃)
∞
𝑛=0
(2.35) 
where 𝜑 represents a scalar wave potential, 𝑍𝑛 is a partial wave amplitude for the 
partial wave order 𝑛 , 𝑧𝑛(𝑘𝑟) is either a spherical Bessel function representing the 
waves travelling inwards (i.e. 𝑗𝑛), or a spherical Hankel function representing the waves 
travelling outwards (i.e. ℎ𝑛), and 𝑃𝑛 is an associated Legendre polynomials (with 𝑚 =
0 ) representing the angular distribution of fields associated and 𝑃𝑛
1 is its first kind. 
Note a continuous single frequency is considered here so that all time dependence is 
of the form 𝑒−𝑖𝜔𝑡 which is omitted from the equations. Spherical coordinates (𝑟, 𝜃, 𝑧) 
are used where the coordinate origin is at the particle centre. Hence the propagation 
direction is in the 𝑧 direction, 𝜃 is the angle with respect to the 𝑧 direction, 𝑟 is the 
distance from the particle centre.  
Thus, the incident wave can be described in terms of its wave potential as [2]:  
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𝜑0 = ∑ 𝑖
𝑛(2𝑛 + 1)𝑗𝑛(𝑘𝑐1𝑟)𝑃𝑛(cos 𝜃)
∞
𝑛=0
(2.36) 
and the scattered fields produced can be written as [2]:  
𝜑𝑐1 = ∑ 𝑖
𝑛(2𝑛 + 1)𝐴𝑛ℎ𝑛(𝑘𝑐1𝑟)𝑃𝑛(cos 𝜃)
∞
𝑛=0
 
𝜑𝑡1 = ∑ 𝑖
𝑛(2𝑛 + 1)𝐵𝑛ℎ𝑛(𝑘𝑡1𝑟)𝑃𝑛(cos 𝜃)
∞
𝑛=0
 
𝐴𝛹1 = ∑ 𝑖
𝑛(2𝑛 + 1)𝐶𝑛ℎ𝑛(𝑘𝑠1𝑟)𝑃𝑛
1(cos 𝜃)
∞
𝑛=1
 
𝜑𝑐2 = ∑ 𝑖
𝑛(2𝑛 + 1)𝐴𝑛
′ 𝑗𝑛(𝑘𝑐2𝑟)𝑃𝑛(cos 𝜃)
∞
𝑛=0
 
𝜑𝑡2 = ∑ 𝑖
𝑛(2𝑛 + 1)𝐵𝑛
′ 𝑗𝑛(𝑘𝑡2𝑟)𝑃𝑛(cos 𝜃)
∞
𝑛=0
 
𝐴𝛹2 = ∑ 𝑖
𝑛(2𝑛 + 1)𝐶𝑛
′ 𝑗𝑛(𝑘𝑠2𝑟)𝑃𝑛
1(cos 𝜃)
∞
𝑛=1
(2.37) 
where 𝜑0 represents the incident wave potential, 𝜑𝑐 represents the compressional 
wave, 𝜑𝑡  represents the thermal wave potential,  𝐴𝛹  represents the shear wave 
potential, with subscripts 1 and 2 denoting the suspending medium (or outside the 
particle) and the particle (or inside the particle), scattering coefficient 𝐴𝑛 represents 
the partial amplitude of compressional mode in the direction of outwards, 𝐵𝑛 the 
thermal mode, 𝐶𝑛 the shear mode and the primed coefficients are for the inwards. 
𝑗𝑛(𝑘𝑟) is the spherical Bessel function of the first kind used to represent inwards 
travelling waves passing through zero radius (see Appendix 1.1) and therefore it is used 
for the wave modes inside the particle, ℎ𝑛(𝑘𝑟) is the Hankel function which is the third 
kind of spherical Bessel function used to represent outwards travelling waves tending 
to infinity (see Appendix 1.1) and therefore it is used for the wave modes outside the 
particle, their argument 𝑘𝑟 is the wavenumber times particle radius for the three wave 
modes involved both inside and outside the particle, 𝑃𝑛  and 𝑃𝑛
1  are associated 
Legendre polynomials both of order 𝑛, representing the angular distribution of fields 
associated (see Appendix 1.2). In the long wavelength limit, only the lower orders (zero 
and first hence 𝑛 = 0  and 𝑛 = 1 ) need to be considered and hence partial wave 
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analysis provides an ideal solution to the wave propagation problem [48]. However, 
when the frequency is high, greater orders of terms should be considered and this will 
complicate the scattering theory.  
2.5.5 Boundary conditions  
The six coefficients in the wave potential equations can be obtained by applying the 
six boundary condition equations to the particle interface. They are the continuities of 
velocity and stress both in the radial (𝑟) and tangential (𝜃) directions, the temperature 
and heat flow. They can be written as [2]:  
𝑣𝑟1 = 𝑣𝑟2 
𝑣𝜃1 = 𝑣𝜃2 
𝑃𝑟𝑟1 = 𝑃𝑟𝑟2 
𝑃𝑟𝜃1 = 𝑃𝑟𝜃2 
𝑇1 = 𝑇2 
𝜅1
𝜕𝑇1
𝜕𝑟
= 𝜅2
𝜕𝑇2
𝜕𝑟
(2.38) 
The terms in the equations can be expressed in terms of wave potentials for a solid [2]:  
𝑣𝑟 = (−𝑖𝜔) [−
𝜕𝜑
𝜕𝑟
+
1
𝑟 sin 𝜃
𝜕
𝜕𝜃
(𝐴𝛹 sin 𝜃)] 
𝑣𝜃 = (−𝑖𝜔) [−
1
𝑟
𝜕𝜑
𝜕𝜃
−
1
𝑟
𝜕
𝜕𝑟
(𝑟𝐴𝛹)] 
𝑇 = 𝑏𝑐𝜑𝑐 + 𝑏𝑡𝜑𝑡 
𝑃𝑟𝑟 = (−𝜔
2𝜌 + 2𝜇𝑘𝑐
2)𝜑𝑐 + (−𝜔
2𝜌 + 2𝜇𝑘𝑡
2)𝜑𝑡
+ 2𝜇 {
𝜕2𝜑
𝜕𝑟2
+
1
sin 𝜃
𝜕
𝜕𝜃
[sin 𝜃 (
𝐴𝛹
𝑟2
−
1
𝑟
𝜕𝐴𝛹
𝜕𝑟
)]} 
𝑃𝑟𝜃 = −𝜇 {−
𝜕
𝜕𝜃
(
1
𝑟
𝜕𝜑
𝜕𝑟
−
𝜑
𝑟2
− (
𝜕2𝐴𝛹
𝜕𝑟2
− 2
𝐴𝛹
𝑟2
) +
1
𝑟2
𝜕
𝜕𝜃
[
1
sin 𝜃
𝜕
𝜕𝜃
(𝐴𝛹 sin 𝜃)])} (2.39) 
where 𝜑 is the sum of the scalar potentials, i.e. 𝜑 = 𝜑0 + 𝜑𝑐 + 𝜑𝑡 for continuous 
phase and 𝜑 = 𝜑𝑐 + 𝜑𝑡 for dispersed phase, and 𝑏𝑐 and 𝑏𝑡 are given by:  
𝑏𝑐 = −
𝛾
𝑐0
2𝛽
[𝜔2 − (
𝑐0
2
𝛾
+
4𝜇
3𝜌
)𝑘𝑐
2] 
𝑏𝑡 = −
𝛾
𝑐0
2𝛽
[𝜔2 − (
𝑐0
2
𝛾
+
4𝜇
3𝜌
)𝑘𝑡
2] (2.40) 
Note these are for solids and for a liquid the terms associated with 𝜇  should be 
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modified by replacing 𝜇  with −𝑖𝜔𝜂  and 𝑐0 = 𝑐 . Also, the displacement potentials 
should be replaced by velocity potentials, i.e. 𝜑𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 =
1
−𝑖𝜔
𝜑𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦.  
2.5.6 General equations for suspensions  
Because of the orthogonality of the spherical harmonics, the boundary equations 
apply for each partial wave order independently. Thus, the following sets of equations 
are obtained from the boundary equations described in the previous section. In the 
order of radial velocity, tangential velocity, radial stress, tangential stress, temperature 
and heat flux respectively, they are written as [2]:  
𝑎𝑐1𝑗𝑛
′ (𝑎𝑐1) + 𝐴𝑛𝑎𝑐ℎ𝑛
′ (𝑎𝑐1) + 𝐵𝑛𝑎𝑡1ℎ𝑛
′ (𝑎𝑡1) − 𝐶𝑛𝑛(𝑛 + 1)ℎ𝑛(𝑎𝑠1)
= (−𝑖𝜔)[𝐴𝑛
′ 𝑎𝑐2𝑗𝑛
′ (𝑎𝑐2) + 𝐵𝑛
′𝑎𝑡2𝑗𝑛
′ (𝑎𝑡2) − 𝐶𝑛
′ 𝑛(𝑛 + 1)𝑗𝑛(𝑎𝑠2)] 
𝑗𝑛(𝑎𝑐1) + 𝐴𝑛ℎ𝑛(𝑎𝑐1) + 𝐵𝑛ℎ𝑛(𝑎𝑡1) − 𝐶𝑛[ℎ𝑛(𝑎𝑠1) + 𝑎𝑠1ℎ𝑛
′ (𝑎𝑠1)]
= (−𝑖𝜔){𝐴𝑛
′ 𝑗𝑛(𝑎𝑐2) + 𝐵𝑛
′ 𝑗𝑛(𝑎𝑡2) − 𝐶𝑛
′ [𝑗𝑛(𝑎𝑠2) + 𝑎𝑠2𝑗𝑛
′ (𝑎𝑠2)]} 
𝜂1{[(𝑎𝑠1
2 − 2𝑎𝑐1
2 )𝑗𝑛(𝑎𝑐1) − 2𝑎𝑐1
2 𝑗𝑛
′′(𝑎𝑐1)] + 𝐴𝑛[(𝑎𝑠1
2 − 2𝑎𝑐1
2 )ℎ𝑛(𝑎𝑐1) − 2𝑎𝑐1
2 ℎ𝑛
′′(𝑎𝑐1)]
+ 𝐵𝑛[(𝑎𝑠1
2 − 2𝑎𝑡1
2 )ℎ𝑛(𝑎𝑡1) − 2𝑎𝑡1
2 ℎ𝑛
′′(𝑎𝑡1)]
+ 𝐶𝑛2𝑛(𝑛 + 1)[𝑎𝑠1ℎ𝑛
′ (𝑎𝑠1) − ℎ𝑛(𝑎𝑠1)]}
= 𝐴𝑛
′ [(𝜔2𝜌2𝑟
2 − 2𝜇2𝑎𝑐2
2 )𝑗𝑛(𝑎𝑐2) − 2𝜇2𝑎𝑐2
2 𝑗𝑛
′′(𝑎𝑐2)]
+ 𝐵𝑛
′ [(𝜔2𝜌2𝑟
2 − 2𝜇2𝑎𝑡2
2 )𝑗𝑛(𝑎𝑡2) − 2𝜇2𝑎𝑡2
2 𝑗𝑛
′′(𝑎𝑡2)]
+ 𝐶𝑛
′ 2𝜇2𝑛(𝑛 + 1)[𝑎𝑠2𝑗𝑛
′ (𝑎𝑠2) − 𝑗𝑛(𝑎𝑠2)] 
𝜂1 {𝑎𝑐1𝑗𝑛
′ (𝑎𝑐1) − 𝑗𝑛(𝑎𝑐1) + 𝐴𝑛[𝑎𝑐1ℎ𝑛
′ (𝑎𝑐1) − ℎ𝑛(𝑎𝑐1)] + 𝐵𝑛[𝑎𝑡1ℎ𝑛
′ (𝑎𝑡1) − ℎ𝑛(𝑎𝑡1)]
− 𝐶𝑛
1
2
[𝑎𝑠1
2 ℎ𝑛
′′(𝑎𝑠1) − (𝑛
2 + 𝑛 − 2)ℎ𝑛(𝑎𝑠1)]}
= 𝜇2 {𝐴𝑛
′ [𝑎𝑐2𝑗𝑛
′ (𝑎𝑐2) − 𝑗𝑛(𝑎𝑐2)] + 𝐵𝑛
′ [𝑎𝑡2𝑗𝑛
′ (𝑎𝑡2) − 𝑗𝑛(𝑎𝑡2)]
− 𝐶𝑛
′
1
2
[𝑎𝑠2
2 𝑗𝑛
′′(𝑎𝑠2) − (𝑛
2 + 𝑛 − 2)𝑗𝑛(𝑎𝑠2)]} 
 𝑏𝑐1[𝑗𝑛(𝑎𝑐1) + 𝐴𝑛ℎ𝑛(𝑎𝑐1)] + 𝑏𝑡1𝐵𝑛ℎ𝑛(𝑎𝑡1) = (−𝑖𝜔)[𝑏𝑐2𝐴𝑛
′ 𝑗𝑛(𝑎𝑐2) + 𝑏𝑡2𝐵𝑛
′ 𝑗𝑛(𝑎𝑡2)] 
𝜅1{𝑎𝑐1𝑏𝑐1[𝑗𝑛
′ (𝑎𝑐1) + 𝐴𝑛ℎ𝑛
′ (𝑎𝑐1)] + 𝐵𝑛𝑏𝑡1𝑎𝑡1ℎ𝑛
′ (𝑎𝑡1)}
= (−𝑖𝜔)𝜅2[𝐴𝑛
′ 𝑏𝑐2𝑎𝑐2𝑗𝑛
′ (𝑎𝑐2) + 𝐵𝑛
′𝑏𝑡2𝑎𝑡2𝑗𝑛
′ (𝑎𝑡2)]                          (2.41) 
Here 𝑎𝑐, 𝑎𝑡 and 𝑎𝑠 refer to the wavenumber 𝑘 multiplied by particle radius 𝑟 products 
for the three different wave modes and the primes applied to the Bessel and Hankel 
functions imply differentiation with respect to their arguments. Note these are the 
boundary equations for a solid in liquid system and if the particle is a liquid, the terms 
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in the right-hand sides of the equations should be modified, i.e. replacing 𝜇 with −𝑖𝜔𝜂. 
These equations can be solved to give the single particle scattering coefficients for 
each order of 𝑛  starting from 0 . When 𝑛 = 0 , the boundary equations describing 
tangential velocity and stress are invalid as in the wave potential equations 𝑃0
1  is 
identically zero. Also, in the radial velocity and stress equations, 𝐶𝑛  and 𝐶𝑛
′   are 
multiplied by 𝑛 and therefore they are deleted from the equations and they do not 
appear in the temperature and heat flux boundary equations. The model is therefore 
simplified into four equations with four unknowns for the zero order.  
2.5.6 Matrix form of the ECAH model  
 The six boundary equations with six unknowns can be written in a matrix form, which 
has been derived by Challis et al. [64], taking the following form:  
[𝑀]
[
 
 
 
 
 
𝐴𝑛
𝐵𝑛
𝐶𝑛
𝐴𝑛
′
𝐵𝑛
′
𝐶𝑛
′ ]
 
 
 
 
 
= −
[
 
 
 
 
 
 
𝑎𝑐1𝑗𝑛
′ (𝑎𝑐1)
𝑏𝑐1𝑗𝑛(𝑎𝑐1)
𝑗𝑛(𝑎𝑐1)
𝜂1[(𝑎𝑠1
2 − 2𝑎𝑐1
2 )𝑗𝑛(𝑎𝑐1) − 2𝑎𝑐1
2 𝑗𝑛
′′(𝑎𝑐1)]
𝜅1𝑎𝑐1𝑏𝑐1𝑗𝑛
′ (𝑎𝑐1)
𝜂1[𝑎𝑐1𝑗𝑛
′ (𝑎𝑐1) − 𝑗𝑛(𝑎𝑐1)] ]
 
 
 
 
 
 
(2.42) 
The right-hand side of the matrix equation incorporates the incident fields, the column 
vector on the left-hand side contains the scattering coefficients which describe the 
partial amplitudes of the three types of wave going inwards and outwards from the 
particle interface, with 𝐴𝑛 representing compressional mode, 𝐵𝑛 thermal mode and 
𝐶𝑛 shear mode in the direction of outwards and the primed coefficients are for the 
inwards. [𝑀] is a 6 by 6 matrix which describes the boundary conditions at the particle 
surface and has been modified by Challis et al. [64] with 𝜔2𝜌2𝑟
2 = 𝑘𝑠2
2 𝜇2𝑟
2 = 𝑎𝑠2
2 𝜇2 
(see Appendix 1.3). As [𝑀] and the right-hand side vector are explicitly known, the 
matrix equation can be solved for the scattering coefficients. The scattered field for 
the propagational mode 𝜑𝑐 depends on an infinite sum of the scattering coefficients 
over all partial wave orders. It is this field which is detected experimentally combined 
with the transmitted plane wave and for which the velocity and attenuation are 
measured. In the long wavelength region, where the model has been extensively 
applied, only the lowest orders make a significant contribution, so that the calculation 
may be limited to 𝑛 = 0, 1, 2. However, at larger values of 𝑘𝑟, higher orders become 
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more significant and must be included in the calculated scattered field. O’Neill [65] 
derived an empirical equation to relate the maximum number of partial wave orders 
required to the wave number parameter 𝑘𝑐𝑟 , as 𝑛𝑚𝑎𝑥 = 𝑘𝑐𝑟 + 4 [66]. For particles 
that are very small with respect to the wavelength, such as are to be found in colloidal 
mixtures of practical interest, the coefficients 𝐴𝑛 diminish rapidly for 𝑛 > 0 , and so 
higher orders do not need to be included. For particles that have density very close to 
that of the continuous phase (such as emulsions), the solution is dominated by 𝐴0 and 
terms for 𝑛 > 0  can be neglected. When the density contrast is high (such as 
suspensions), the solution tends to be dominated by 𝐴1 , so 𝐴0  and 𝐴𝑛>1  can be 
neglected. This has been shown by Challis et al. [6].  
There are many methods that can be used to solve these equations, such as presented 
by Tebbutt [63] and O’Neill [65]. As explained earlier, the matrix equation can be 
reduced to 4 by 4 when 𝑛 = 0. For 𝑛 ≥ 1, Pinfield [66] has shown that the thermal 
terms are negligible and therefore the matrix equation can again be simplified to 4 by 
4. This is a convenient approach to solve the matrix equation for the zero and first 
order scattering coefficient 𝐴𝑛 . However, the matrix equation is ill-conditioned as 
some of the matrix elements become exponentially large and simultaneously others 
small under some conditions. Some approaches have been developed by O’Neill [65] 
to minimise the effect of the instability of the matrix equation.  
2.5.7 Explicit solutions of 𝑨𝟎 and 𝑨𝟏 in the long wavelength limit  
The ECAH model matrix equation is often solved by using a computer to give the 
coefficient 𝐴𝑛, e.g. programmed using MATLAB
TM. In the long wavelength limit, only 
lower orders are significant and here we only consider 𝐴0 and 𝐴1. As discussed earlier, 
when 𝑛 = 0 or 𝑛 = 1, the matrix can be reduced into 4 by 4. This convenient approach 
can provide the analytical solutions to 𝐴0 and 𝐴1 where the significance of different 
physical properties can also be shown explicitly. Allegra and Hawley followed Epstein 
and Carhart’s method and derived the zero and first order coefficients 𝐴0 and 𝐴1 for 
solid particles, with some terms neglected due to their insignificant contributions to 
the solution. Hence the simplified forms of 𝐴0 and 𝐴1 are given by [2]:  
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𝐴0 = [(
𝑖𝜔𝑟2𝜌1𝑏𝑐2
𝑏𝑡1
)(
𝑏𝑐1𝜌2𝑐02
2
𝑏𝑐2𝜌1𝑐2
2 − 1)𝐻1 +
𝑖𝜔𝑟2𝜌1
3
(𝑎𝑐2
2 −
𝜌2𝑐02
2
𝜌1𝑐2
2 𝑎𝑐1
2 )𝐻2
+
𝑏𝑐1
3𝑏𝑡1
(
𝑏𝑐2
𝑏𝑐1
𝑎𝑐1
2 − 𝑎𝑐2
2 )𝐻3] / [
1
𝑎𝑐1
(𝜔𝜌2𝑟
2
𝑐02
2
𝑐2
2 𝐻2 + 𝑖
𝑏𝑐2
𝑏𝑡1
𝐻3)]   (2.43) 
and  
𝐴1 =
1
3 𝑖𝑎𝑐1
3 (1 −
𝜌1
𝜌2
) ℎ2(𝑎𝑠1)
2 (
𝜌1
𝜌2
− 1) ℎ0(𝑎𝑠1) + 3
𝜌1
𝜌2
ℎ2(𝑎𝑠1)
(2.44) 
where 𝐻1, 𝐻2 and 𝐻3 are given by  
𝐻1 = 𝑎𝑡1ℎ1(𝑎𝑡1) (1 −
𝜅1𝑏𝑡1
𝜅2𝑏𝑡2
) 
 𝐻2 = ℎ0(𝑎𝑡1) −
𝜅1𝑎𝑡1ℎ1(𝑎𝑡1)
𝜅2𝑎𝑡2𝑗1(𝑎𝑡2)
𝑗0(𝑎𝑡2) 
𝐻3 = 𝜂1[(𝑎𝑠1
2 − 2𝑎𝑡1
2 )ℎ0(𝑎𝑡1) − 2𝑎𝑡1
2 ℎ0
′′(𝑎𝑡1)]
−
𝜅1𝑏𝑡1𝑎𝑡1ℎ1(𝑎𝑡1)
𝜅2𝑏𝑡2𝑎𝑡2𝑗1(𝑎𝑡2)(−𝑖𝜔)
[(𝜔2𝜌2𝑟
2 − 2𝜇2𝑎𝑡2
2 )𝑗0(𝑎𝑡2)
− 2𝜇2𝑎𝑡2
2 𝑗0
′′(𝑎𝑡2)]                                                                                    (2.45) 
For most solids 𝐻3 can be further simplified by keeping only the terms containing 𝜇2 
due to their greater magnitude:  
𝐻3 ≈
𝜅1𝑏𝑡1
𝜅2𝑏𝑡2
𝑎𝑡1ℎ1(𝑎𝑡1)
4𝜇2
−𝑖𝜔
= 𝐻1 (
𝜅2𝑏𝑡2
𝜅1𝑏𝑡1
− 1)
−1 4𝜇2
−𝑖𝜔
(2.46) 
For liquid particles in liquid, the following equations for calculating 𝐴0 and 𝐴1 are used 
instead:  
𝐴0 = −𝑖
𝑎𝑐1
3
(𝑎𝑐1
2 −
𝜌1
𝜌2
𝑎𝑐2
2 ) + 𝑖𝑎𝑐1
𝑏𝑐1
𝑏𝑡1
(1 −
𝜌1
𝜌2
𝑏𝑐2
𝑏𝑐1
)
𝐻1
𝐻2
(2.47) 
and  
𝐴1 =
−
1
3 𝑖𝑎𝑐1
3 (
𝜌1
𝜌2
− 1) [ℎ2(𝑎𝑠1)𝑄(𝑎𝑠2) − (
𝜂𝑠1
𝜂𝑠2
) 𝑎𝑠1ℎ1(𝑎𝑠1)𝑗2(𝑎𝑠2)]
[3 (
𝜌1
𝜌2
) ℎ2(𝑎𝑠1) + 2 (
𝜌1
𝜌2
− 1) ℎ0(𝑎𝑠1)] 𝑄(𝑎𝑠2) − (
𝜂𝑠1
𝜂𝑠2
) 𝑎𝑠1ℎ1(𝑎𝑠1)𝑗2(𝑎𝑠2) (
𝜌1
𝜌2
+ 2)
(2.48) 
where  
𝑄(𝑎𝑠2) = 𝑎𝑠2𝑗1(𝑎𝑠2) − 2 (1 −
𝜂𝑠1
𝜂𝑠2
) 𝑗2(𝑎𝑠2) (2.49) 
The approximate expressions for the spherical Bessel and Hankel functions for lower 
orders are given by [1]:  
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ℎ0(𝑥) = −
𝑖𝑒𝑖𝑥
𝑥
 
ℎ1(𝑥) = −
𝑒𝑖𝑥
𝑥
(1 +
𝑖
𝑥
) 
ℎ2(𝑥) =
𝑖𝑒𝑖𝑥
𝑥
(1 +
3𝑖
𝑥
−
3
𝑥2
) 
𝑗0(𝑥) =
sin 𝑥
𝑥
 
𝑗1(𝑥) =
1
𝑥
(
sin 𝑥
𝑥
− cos 𝑥) 
𝑗2(𝑥) =
1
𝑥
[(
3
𝑥2
− 1) sin 𝑥 −
3
𝑥
cos 𝑥] (2.50) 
Limiting forms of spherical Bessel and Hankel functions can be used for the 
compressional mode to simplify the solutions to 𝐴0 and 𝐴1 , i.e. using only the first 
term in the Taylor series. For small arguments (i.e. 𝑘𝑟 ≪ 0) , simplified Bessel and 
Hankel functions take the form:  
ℎ0(𝑥) = −
𝑖
𝑥
+ 1 
ℎ1(𝑥) = −
𝑖
𝑥2
 
ℎ𝑥(𝑥) = −
3𝑖
𝑥3
 
𝑗0(𝑥) = 1 
𝑗1(𝑥) =
1
3
𝑥 
𝑗2(𝑥) =
1
15
𝑥2 (2.51) 
The 𝐴0 coefficient describes the pulsation motion of the scatterer caused both by the 
compressibility difference between the scatterer and the surrounding medium, and 
the difference in the thermal properties of the two media. The zero-order coefficient 
can be separated into two parts – a thermal part 𝐴0𝑇 showing the thermal contribution 
and a non-thermal part 𝐴0𝑁 incorporating other effects [66]:  
𝐴0 = 𝐴0𝑇 + 𝐴0𝑁 (2.52) 
The non-thermal term 𝐴0𝑁 can be obtained by neglecting the thermal terms in the 
boundary equations and solving the equations only for 𝑣𝑟 and 𝑃𝑟𝑟. Then 𝐴0𝑇 is derived 
by subtracting 𝐴0𝑁 from the full 𝐴0 solution.  
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The first order coefficient 𝐴1 results from inertial effects due to density difference and 
from the viscous drag of the surrounding fluid, independent of any thermal effects. 
The advantage of using the explicit solutions is that it simplifies the calculation for the 
scattering coefficient, in a way that complex computation of the full matrix is replaced 
by the calculation with a relatively simple formula. The limit of the conditions where 
these explicit expressions can be used instead of the full ECAH model has been 
investigated by Chen [42] for liquid particle systems.  
2.5.8 Single scattering and multiple scattering approaches to calculate the 
effective wavenumber  
The scattering coefficient 𝐴𝑛 obtained by solving the matrix equation above is related 
to the attenuation of sound due to scattering. In the ECAH single scattering model, the 
total energy attenuated by an ensemble of particles is represented by the sum of the 
scattered field for individual particles at infinity multiplied by the total number of 
particles per unit volume [2]:  
α = −
3𝜙
2𝑘𝑐2𝑟3
∑(2𝑛 + 1)𝑅𝑒(𝐴𝑛)
∞
𝑛=0
(2.53) 
where α is the attenuation of sound due to scattering, 𝜙 is the volume fraction of 
particles, 𝑘𝑐 is the compressional wavenumber, 𝑟 is the particle radius. Note, only the 
real part of the complex 𝐴𝑛 appears in the equation and therefore is the dominant 
contribution to the attenuation. The total attenuation 𝛼𝑡𝑜𝑡𝑎𝑙  in a particulate system 
can be calculated by [48]:  
𝛼𝑡𝑜𝑡𝑎𝑙 = 𝛼 + (1 − 𝜙)𝛼1 + 𝜙𝛼2 (2.54) 
where 𝛼1 is the attenuation of sound measured in the pure continuous phase and 𝛼2 
is the attenuation of sound measured in the pure dispersed phase.  
In Equation 2.54, the effect of individual particles is additive and therefore it is only 
valid for dilute systems when no particle interactions including multiple scattering are 
involved. When the number of particles is increased in the system, multiple scattering 
occurs and the scattered wave combined with the incident wave is scattered again at 
a neighbouring particle. A multiple scattering model is often used to calculate the 
effective complex wavenumber 𝐾  which is related to the sound attenuation and 
velocity measured experimentally [64]:  
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𝐾 =
𝜔
𝑐
+ 𝑖𝛼 (2.55) 
The effective wavenumber is an approach to calculate the compressional wavenumber 
for heterogeneous systems as if they were homogeneous. It is obtained by multiple 
scattering theories, e.g. the average of the fields of an ensemble of scatterers over 
particle configurations assuming random distribution.  
The scattering amplitude in the far field of the scatterer satisfies the following 
relationship [66]:   
𝜑(𝜃, 𝑟) = 𝜑𝑖𝑓(𝜃)
𝑒𝑖𝑘𝑐𝑟
𝑟
(2.56) 
where 𝜑𝑖 represents the incident wave and 𝑓(𝜃) is the far field scattering amplitude 
given by  
𝑓(𝜃) =
1
𝑖𝑘𝑐
∑(2𝑛 + 1)𝐴𝑛𝑃𝑛(cos 𝜃)
∞
𝑛=0
(2.57) 
For 𝑁 particles randomly distributed in a unit volume, Foldy derived the following 
equation for the cumulative effect considering only forward scattering (𝜃 = 0) [29]:  
(
𝐾
𝑘𝑐
)
2
= 1 +
4𝜋𝑁
𝑘𝑐2
𝑓(0) (2.58) 
where 𝐾  is the complex wavenumber representing the combined effect of the 
scattered fields. Waterman and Truell included back scattering from individual 
particles in a concatenated slab formulation for an ensemble of scatterers and 
obtained [30]: 
(
𝐾
𝑘𝑐
)
2
= 1 +
4𝜋𝑁
𝑘𝑐2
𝑓(0) +
4𝜋2𝑁2
𝑘𝑐4
[𝑓2(0) − 𝑓2(𝜋)] (2.59) 
As 𝑁 can be related to volume fraction of the particles 𝜙 and the radius 𝑟  
𝜙 =
4
3
𝜋𝑟3𝑁 (2.60) 
and therefore Equation 2.59 becomes  
(
𝐾
𝑘𝑐
)
2
= 1 −
3𝜙𝑖
𝑘𝑐2𝑟3
∑(2𝑛 + 1)𝐴𝑛
∞
𝑛=0
+
9𝜙2
4𝑘𝑐
6𝑟6
[(∑(2𝑛 + 1)𝐴𝑛
∞
𝑛=0
)
2
− (∑(−1)𝑛(2𝑛 + 1)𝐴𝑛
∞
𝑛=0
)
2
]      (2.61) 
It can be seen that this equation considers both forward (𝜃 = 0) and backward (𝜃 =
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𝜋 ) scattering for each particle. For simple monopole scattering 𝑓(0) = 𝑓(𝜋)  and 
therefore the Equation 2.59 can be simplified into the form which is equivalent to the 
formula Foldy derived for the accumulative effect of random scatterers only 
considering forward scattering and first order in volume fraction:  
(
𝐾
𝑘𝑐
)
2
= 1 −
3𝑖𝜙
𝑘𝑐
3𝑟3
∑(2𝑛 + 1)𝐴𝑛
∞
𝑛=0
(2.62) 
Lloyd and Berry [3] extended the work by Waterman and Truell and avoided the 
concatenated slab approximation, to obtain the following equation:  
(
𝐾
𝑘𝑐
)
2
= 1 +
4𝜋𝑁
𝑘𝑐2
𝑓(0) +
4𝜋2𝑁
𝑘𝑐4
{𝑓2(𝜋) − 𝑓2(0) − ∫
1
sin
𝜃
2
𝑑
𝑑𝜃
[𝑓2(𝜃)]
𝜋
0
𝑑𝜃} (2.63) 
Challis et al. [64] derived the solution for 𝑛 ≤ 2:  
(
𝐾
𝑘𝑐
)
2
= 1 +
3𝜙
𝑖𝑘𝑐
3𝑟3
(𝐴0 + 3𝐴1 + 5𝐴2) −
27𝜙2
𝑘𝑐
6𝑟6
𝐴1(𝐴0 + 5𝐴2)
−
54𝜙2
𝑘𝑐
6𝑟6
(𝐴1
2 +
5
3
𝐴0𝐴2 + 3𝐴1𝐴2 +
115
21
𝐴2
2)                                     (2.64) 
In the long wavelength limit the set of scattering coefficients 𝐴𝑛 are often truncated 
at first order, and therefore we can obtain the simplest formula to the complex 
wavenumber solution with only the zero and first orders of 𝐴𝑛: 
(
𝐾
𝑘𝑐
)
2
= 1 −
3𝜙𝑖
𝑘𝑐
3𝑟3
(𝐴0 + 3𝐴1) −
27𝜙2
𝑘𝑐
6𝑟6
(𝐴0𝐴1 + 2𝐴1
2) (2.65) 
2.5.9 The failure of the ECAH/LB model in concentrated particulate systems  
The ECAH model is a single scattering model where most of the scattered 
compressional waves by particles are assumed not re-scattered by their neighbouring 
particles. It is applicable to dilute systems. As the concentration increases, the incident 
compressional waves at individual particles may be re-scattered by all the other 
particles surrounding them and again. As a result, the sound wave is scattered more 
than once and this is called multiple scattering. The cumulative effect in this theory 
can be obtained by using the LB multiple scattering model, where the effects of 
multiple scattering of compressional waves are included.  
In the classic models discussed above, only the acoustic fields are considered to 
propagate over significant distance. As already mentioned earlier, in the ECAH and LB 
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models it is assumed that thermal and shear waves die off as they propagate from the 
particle into the continuous phase before they can reach another particle. This is true 
for most dilute colloids as the decay lengths of thermal and shear waves are in the 
scale of micrometers even in long wavelength limit where the average distance 
between neighbouring particles is significantly larger. However, if the number of 
particles in the system is increased, the thermal and shear waves can eventually be 
scattered to a neighbouring particle and even re-scattered by it. As a result, the energy 
assumed to dissipate in these modes is ‘reclaimed’ by the neighbouring particles and 
therefore the magnitude of attenuation is reduced. The breakdown of ECAH/LB model 
has been shown previously [6,36,67]. The degree of the ‘reclaim’ of scattered energy 
is dependent on the average inter-particle distance 𝛿 and the decay length of the 
thermal and shear waves, represented by 𝛿𝑇 and 𝛿𝑆 respectively. The average inter-
particle distance can be approximated by [68]:  
𝛿 ≈ 𝑟(𝜙−1/3 − 1) (2.66) 
where 𝑟 is the particle radius and 𝜙 is the volume fraction. Hence thermal and shear 
multiple scattering effects are expected to be significant when  
𝛿 ≤ 𝛿𝑇 𝑜𝑟 𝛿𝑆 (2.67) 
As shown in Equation 2.22 and Equation 2.23 earlier, it is clear the decay length of 
thermal or shear waves is proportional to the inverse of the square root of the 
frequency. Also, the inter-particle space scales with the radius of the particles and the 
inverse of the cubic root of the volume fraction. The thermal or shear effects are 
therefore stronger at lower frequency (where the decay length is longer), smaller 
particle size (where the number of scatterers is increased at the same concentration 
by volume resulting in a reduction of inter-particle distance) and higher concentration 
(where the inter-particle distance is reduced). In general, thermal effects are dominant 
in emulsion systems and shear effects for suspensions [6]. As the focus of this research 
is on solid suspensions, only shear effects will be discussed in the following sections. 
In concentrated suspensions, as the concentration of particles increases the inter-
particle space is reduced. If the decay length of the shear waves is larger than the 
distance between neighbouring particles shear wave overlap occurs. As a result, the 
attenuation decreases due to energy conversion of the shear waves back into the 
compressional mode. This effect is stronger at a lower frequency or smaller particle 
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size, as has already been discussed above. In the following section a new model 
developed by Forrester and Pinfield [5,45,69] to include shear effects in multiple 
scattering in suspensions will be presented.  
2.6 A new model to include shear effects in suspensions  
There have been a number of extended theories to the classic ECAH model for 
concentrated systems, such as the model developed by Hemar et al. [70] and 
McClements et al. [24] where a core-shell approach is used to account for thermal 
wave interactions at high concentration, and the generalised coupled phase approach 
by Evans and Attenborough [25,26]. These attempts have shown great improvement 
over the classic models yet with some limits in their applicability.  
One approach to the multi-mode multiple scattering problem is to extend the Lloyd 
and Berry model based on the method developed by Luppé et al. [39]. They generalise 
the LB model with addition of the effects of the re-scattering of thermal and shear 
waves scattered by particles, by adding terms to include the conversion of these non-
acoustic modes into the acoustic one and vice versa. Their development has been used 
by Pinfield to modify the multiple scattering model to include the thermal effects [38]. 
The new model has proved successful as thermal effects are significant for emulsions 
[38]. Recently Forrester and Pinfield [45] have developed a new model based on the 
LB model and the method by Luppé et al. to incorporate shear effects. In this model, 
the effective wavenumber is written as a sum of the LB definition and two additional 
conversion terms accounting for the shear mode reconversion (second and third order 
in concentration respectively), taking the following form [5]:  
𝐾2
𝑘𝑐2
= [
𝐾2
𝑘𝑐2
]
𝐿𝐵
+ ∆𝐶𝑆
(2) + ∆𝐶𝑆
(3) (2.68) 
where 𝑘𝑐 represents the wavenumber in the continuous phase, subscripts 𝐶 and 𝑆 
indicate compressional and shear wave modes respectively, and 𝐾  denotes the 
effective wavenumber in the whole medium, which is related to the attenuation and 
speed of sound. The term ∆𝐶𝑆 accounts for the conversion of compressional into shear 
and vice versa. For both the second and third order conversion terms, only the 
compressional and shear mode conversions are considered dominant and retained, 
and the compressional-thermal reconversion has been confirmed to be negligible 
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numerically. The additional conversion terms in second and third order are defined 
respectively as [5]:  
∆𝐶𝑆
(2)= −
27𝑖𝜙2
(𝑘𝑐𝑟)6
𝑘𝑐
3𝑏
(𝑘𝑐2 − 𝑘𝑠2)
𝑇1
𝐶𝑆𝑇1
𝑆𝐶𝑌0 (2.69) 
∆𝐶𝑆
(3)=
3𝜙
(𝑘𝑐𝑟)3
𝑘𝑐
3𝑏
(𝑘𝑐2 − 𝑘𝑠2)
𝑇1
𝑆𝑆𝑌0∆𝐶𝑆
(2) (2.70) 
with  
𝑌0 = 𝑘𝑐𝑏𝑗0
′(𝑘𝑐𝑏)ℎ0(𝑘𝑠𝑏) − 𝑘𝑠𝑏𝑗0(𝑘𝑐𝑏)ℎ0
′ (𝑘𝑠𝑏) (2.71) 
where 𝑏 = 2𝑟  is the radius of the excluded volume around a particle that is 
inaccessible to other particles. 𝑇𝑛
𝑖𝑗
 represents single scattering coefficients of partial 
wave order 𝑛 for incident wave mode 𝑖 = 𝐶, 𝑇 or 𝑆 and scattered wave mode 𝑗 = 𝐶, 𝑇 
or 𝑆 denoting compressional, thermal and shear wave modes respectively. Thus, 𝑇1
𝐶𝑆 
and 𝑇1
𝑆𝐶   describe the amplitude of the scattered shear wave due to an incident 
compressional wave (equivalent to 𝐶1 in the ECAH matrix equation) and the amplitude 
of the scattered compressional wave due to an incident shear wave. The latter 
coefficient can be obtained by solving the ECAH matrix equation but replacing the 
incident wave terms in the boundary equation by the shear mode, which takes a 
similar form to the scattered shear wave in the ECAH formulation. The analytical 
expressions for the scattering coefficients are derived assuming long wavelength limit 
where the wavelength of the compressional wave is much larger than the size of the 
scatterers. 𝑇1
𝑆𝑆 represents the conversion factor of an incident shear wave into the 
same wave mode due to scattering, and is derived similarly to the way to obtain 𝑇1
𝑆𝐶  
but taking the shear wave coefficient instead of the compressional one. The leading 
terms are taken as the analytical solution in a series expansion in 𝑘𝑐𝑟. The derived 𝑇1
𝐶𝑆, 
𝑇1
𝑆𝐶  and 𝑇1
𝑆𝑆 take the following forms [5]:  
𝑇1
𝐶𝑆 = −
𝑘𝑐𝑟
𝑘𝑠𝑟
(?̂? − 1)
𝐷(𝑘𝑠𝑟)
(2.72) 
𝑇1
𝑆𝐶 = −𝑖𝑘𝑠𝑘𝑐
2𝑟3
2(?̂? − 1)𝐹(𝑘𝑠𝑟)
3𝐷(𝑘𝑠𝑟)
(2.73) 
𝑇1
𝑆𝑆 =
2(?̂? − 1)𝑗0(𝑘𝑠𝑟) − 3𝑗2(𝑘𝑠𝑟)
𝐷(𝑘𝑠𝑟)
(2.74) 
with  
𝐷(𝑘𝑠𝑟) = 3ℎ2(𝑘𝑠𝑟) − 2(?̂? − 1)ℎ0(𝑘𝑠𝑟) (2.75) 
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𝐹(𝑘𝑠𝑟) = ℎ2(𝑘𝑠𝑟)𝑗0(𝑘𝑠𝑟) − ℎ0(𝑘𝑠𝑟)𝑗2(𝑘𝑠𝑟) (2.76) 
where ?̂? is the density ratio of the solid particle divided by that of the liquid continuous 
phase. The effective wavenumber 𝐾 obtained by this method is a complex number 
where the real part can be used to calculate the velocity of sound and the imaginary 
part the attenuation. More details of the derivation can be found in the recent paper 
[67]. The new model derived here is driven by parameters such as frequency, particle 
size, density, viscosity and speed of sound. A full experimental investigation on this 
new model over a large range of frequency, size and concentration has been carried 
out, where the model was validated by comparison with the classic ECAH/LB model. 
The experimental method is provided in Chapter 4 and the results are presented and 
discussed Chapter 5.  
2.7 The core-shell model  
In the previous sections, the scattering models described include the ECAH model, LB 
multiple scattering model and a new shear model. These models are applicable to 
suspensions and emulsions with some limitations. An alternative approach to the 
multiple scattering in concentrated suspensions is the core-shell model which was 
originally developed for complex particles with surface modification, i.e. hybrid 
particles where the particle is made of one material (the core) and its surface is 
modified with another material (the shell). Such hybrid particles attract research 
interest due to the potential smart function of the shell layer. Similar to homogeneous 
particles, it is important to monitor the properties of such hybrid particles such as the 
shell thickness, compressibility and so on for certain applications, and ultrasound can 
be potentially used for non-destructive characterisation of such core-shell particles. 
For these particles, classic models for homogeneous particles are not applicable, and 
core-shell models should be used instead for measurement interpretation. A well-
known core-shell model is the one developed by Anson and Chivers for real core-shell 
particles, including thermal and shear effects. The model has been shown to be valid 
for both suspensions and emulsions [4]. About a decade later, Hipp et al. [36] extended 
their work and made it also applicable for concentrated particulate systems. The core-
shell model has been chosen for the theoretical and experimental investigation in this 
research primarily because of its flexibility as it can be possibly applied to both core-
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shell particles and concentrated systems.  
As shown in Figure 0.10, when a compressional wave is transmitted to a particle 
modified with a shell, it will encounter two interfaces with discontinuity (core-shell 
and shell-continuous phase). The thermal and shear waves are produced at both 
interfaces, in addition to the transmitted and scattered compressional waves. As a 
result, there are both outgoing and incoming waves of all three modes (compressional, 
thermal and shear) in the shell, and the ECAH model should be modified to include 
them. In another words, additional boundary equations need to be written for the 
shell. As shown in Figure 0.10, the waves of three modes exist in each medium of the 
system, including the continuous phase (medium 1), the shell material (medium 2) and 
the core material (medium 3) and they can be represented by three kinds of wave 
potentials similar to those in the ECAH model, i.e. 𝜑𝑐, 𝜑𝑡 and 𝐴𝛹 respectively. 
 
Figure 0.10 Schematic diagram of the scattering of an incident compressional wave with 
transition into compressional, thermal and shear waves for a core-shell particle, adapted 
from [4]. 
Similarly, partial wave analysis can be used to obtain the wave potential.  
The incident plane wave is represented by [4]:  
𝜑0 = ∑ 𝑖
𝑛(2𝑛 + 1)𝑗𝑛(𝑘𝑐1𝑟)𝑃𝑛(cos 𝜃)
∞
𝑛=0
(2.77) 
The potentials of scattered waves in the continuous phase are given in the order of 
compressional, thermal and shear modes respectively by:  
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𝜑𝑐1 = ∑ 𝑖
𝑛(2𝑛 + 1)𝐴𝑛ℎ𝑛(𝑘𝑐1𝑟)𝑃𝑛(cos 𝜃)
∞
𝑛=0
 
𝜑𝑡1 = ∑ 𝑖
𝑛(2𝑛 + 1)𝐵𝑛ℎ𝑛(𝑘𝑡1𝑟)𝑃𝑛(cos 𝜃)
∞
𝑛=0
 
𝐴𝛹1 = ∑ 𝑖
𝑛(2𝑛 + 1)𝐶𝑛ℎ𝑛(𝑘𝑠1𝑟)𝑃𝑛
1(cos 𝜃)
∞
𝑛=0
(2.78) 
In the shell, the wave potentials are written to include both the outward propagating 
waves (represented by the Hankel function ℎ𝑛 ) and inward propagating waves 
(represented by the Bessel function 𝑗𝑛). Again, in the order of compressional, thermal 
and shear modes, they are given by:  
𝜑𝑐2 = ∑ 𝑖
𝑛(2𝑛 + 1)[𝐷𝑛𝑗𝑛(𝑘𝑐2𝑟) + 𝐺𝑛ℎ𝑛(𝑘𝑐2𝑟)]𝑃𝑛(cos 𝜃)
∞
𝑛=0
 
𝜑𝑡2 = ∑ 𝑖
𝑛(2𝑛 + 1)[𝐸𝑛𝑗𝑛(𝑘𝑡2𝑟) + 𝐻𝑛ℎ𝑛(𝑘𝑡2𝑟)]𝑃𝑛(cos 𝜃)
∞
𝑛=0
 
𝐴𝛹2 = ∑ 𝑖
𝑛(2𝑛 + 1)[𝐹𝑛𝑗𝑛(𝑘𝑠2𝑟) + 𝐼𝑛ℎ𝑛(𝑘𝑠2𝑟)]𝑃𝑛
1(cos 𝜃)
∞
𝑛=0
(2.79) 
In the core, the wave potentials are written similarly to those in the continuous phase 
but replacing the Hankel function with the Bessel function:  
𝜑𝑐3 = ∑ 𝑖
𝑛(2𝑛 + 1)𝐽𝑛𝑗𝑛(𝑘𝑐3𝑟)𝑃𝑛(cos 𝜃)
∞
𝑛=0
 
𝜑𝑡3 = ∑ 𝑖
𝑛(2𝑛 + 1)𝐾𝑛𝑗𝑛(𝑘𝑡3𝑟)𝑃𝑛(cos 𝜃)
∞
𝑛=0
 
𝐴𝛹3 = ∑ 𝑖
𝑛(2𝑛 + 1)𝐿𝑛𝑗𝑛(𝑘𝑠3𝑟)𝑃𝑛
1(cos 𝜃)
∞
𝑛=0
(2.80) 
where 𝐴𝑛, 𝐵𝑛 and 𝐶𝑛 represent the partial amplitudes of the scattered waves in the 
continuous phase in compressional, thermal and shear modes respectively, 𝐷𝑛, 𝐸𝑛 and 
𝐹𝑛  represent the partial amplitudes of the outward waves inside the shell in 
compressional, thermal and shear modes, 𝐺𝑛 , 𝐻𝑛  and 𝐼𝑛  represent the partial 
amplitudes of the inward waves inside the shell in compressional, thermal and shear 
modes, and 𝐽𝑛, 𝐾𝑛 and 𝐿𝑛 represent the partial amplitudes of the inward waves in the 
core in compressional, thermal and shear modes. These equations have functional 
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dependence on position and are evaluated at 𝑟 = 𝑟𝑠 or 𝑟 = 𝑟𝑐 : 𝑟𝑠 for whole particle 
radius (i.e. core plus shell) or 𝑟𝑐 for core radius where applicable, i.e. 𝑟𝑠 should be used 
for the scattered waves in the continuous phase and 𝑟𝑐 should be used for the inward 
propagating waves in the core material.  
As there are two boundaries in this system, there are two sets of boundary equations: 
one for between continuous phase and the shell, and another for between the shell 
and the core. The same physical boundary equations are applied as in the ECAH model 
(see Equation 2.38 in section 4.5.5). If a solid is replaced by a liquid in the system, the 
terms associated with 𝜇 should be modified by replacing 𝜇 with −𝑖𝜔𝜂. Also in such a 
case, the displacement potentials should be replaced by velocity potentials, i.e. 
𝜑𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 =
1
−𝑖𝜔
𝜑𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 . The thermal property-related terms 𝑏𝑐  and 𝑏𝑡  in 
Equation 2.40 in section 4.5.5 were defined for solids, and for liquids they should be 
modified by replacing 𝜇 with −𝑖𝜔𝜂 and 𝑐0 = 𝑐.  
With twelve boundary equations for the two boundaries in the system and twelve 
unknown coefficients 𝐴𝑛, 𝐵𝑛, 𝐶𝑛 𝐷𝑛, 𝐸𝑛, 𝐹𝑛, 𝐺𝑛, 𝐻𝑛, 𝐼𝑛, 𝐽𝑛, 𝐾𝑛 and 𝐿𝑛, the model can 
be formulated as a matrix equation which takes the following form:  
[𝑀12]
[
 
 
 
 
 
 
 
 
 
 
 
 
𝐴𝑛
𝐵𝑛
𝐶𝑛
𝐷𝑛
𝐸𝑛
𝐹𝑛
𝐺𝑛
𝐻𝑛
𝐼𝑛
𝐽𝑛
𝐾𝑛
𝐿𝑛 ]
 
 
 
 
 
 
 
 
 
 
 
 
=
[
 
 
 
 
 
 
 
 
 
 
 
𝐶1
𝐶2
𝐶3
𝐶4
𝐶5
𝐶6
0
0
0
0
0
0 ]
 
 
 
 
 
 
 
 
 
 
 
(2.81) 
with   
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[𝑀12] =
[
 
 
 
 
 
 
 
 
 
 
 
 
𝑑11 𝑑12 𝑑13 𝑑14 𝑑15 𝑑16 𝑑17 𝑑18 𝑑19 0 0 0
𝑑21 𝑑22 𝑑23 𝑑24 𝑑25 𝑑26 𝑑27 𝑑28 𝑑29 0 0 0
𝑑31 𝑑32 𝑑33 𝑑34 𝑑35 0 𝑑37 𝑑38 0 0 0 0
𝑑41 𝑑42 𝑑43 𝑑44 𝑑45 0 𝑑47 𝑑48 0 0 0 0
𝑑51 𝑑52 𝑑53 𝑑54 𝑑55 𝑑56 𝑑57 𝑑58 𝑑59 0 0 0
𝑑61 𝑑62 𝑑63 𝑑64 𝑑65 𝑑66 𝑑67 𝑑68 𝑑69 0 0 0
0 0 0 𝑑74 𝑑75 𝑑76 𝑑77 𝑑78 𝑑79 𝑑710 𝑑711 𝑑712
0 0 0 𝑑84 𝑑85 𝑑86 𝑑87 𝑑88 𝑑89 𝑑810 𝑑811 𝑑812
0 0 0 𝑑94 𝑑95 0 𝑑97 𝑑98 𝑑99 𝑑910 𝑑911 0
0 0 0 𝑑104 𝑑105 0 𝑑107 𝑑108 𝑑109 𝑑1010 𝑑1011 0
0 0 0 𝑑114 𝑑115 𝑑116 𝑑117 𝑑118 𝑑119 𝑑1110 𝑑1111 𝑑1112
0 0 0 𝑑124 𝑑125 𝑑126 𝑑127 𝑑128 𝑑129 𝑑1210 𝑑1211 𝑑1212]
 
 
 
 
 
 
 
 
 
 
 
 
 
In [𝑀12], the first three columns deal with the compressional, thermal and shear waves 
in the continuous phase and the last three columns deal with the same kinds of waves 
in the core material. The remaining columns describe the behaviour of the outward 
(columns 4 to 6) and inward (columns 7 to 9) propagating waves in the shell material. 
As only the first coefficient 𝐴𝑛 is required to predict the experimental behavior of 
ultrasound propagation, all the columns except the first one can be scaled without 
affecting 𝐴𝑛. Anson and Chivers used scale factors in the matrix for columns 2, 3, 5, 6, 
8 and 9. The full expressions for 𝑑𝑖𝑗  and 𝐶𝑖  (without scale factors) are given in 
Appendix 1.4. In some cases, thermal and shear effects can be omitted and the terms 
related to them can be set to zero. Thus, assumptions can be made to neglect either 
or both of the effects to simplify the calculation and this is an essential method used 
in Chapter 3.  
The limitations of this model include the assumptions of concentric spherical geometry, 
isotropy in solid materials, and small losses in the material (i.e. 𝜔/𝑐 ≫ 𝛼) . On the 
other hand, the advantage is that when any of the three media is changed from one 
phase into another, the elements in the matrix can be modified correspondingly. 
Whilst solving the matrix for 𝐴𝑛 is another issue. If the matrix equation is solved to 
obtain a general analytical solution to 𝐴𝑛, it can be modified for any combinations of 
the phases of the continuous phase, shell material and core material. The coefficient 
obtained by the core-shell model can then be used to calculate the attenuation or 
velocity of sound in core-shell particulate systems, using different relations, e.g. the 
single scattering approaches of ECAH [1,2] or Foldy [29], or multiple scattering by Lloyd 
and Berry [3]. A method has been developed and used in Chapter 3 for the derivation 
of 𝐴𝑛 for the core-shell model and simulation results are also presented and discussed.  
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Hipp et al. [36] modified the Anson and Chivers model to apply it to concentrated 
suspensions using a combined multiple scattering and effective medium approach. As 
shown in Figure 0.11, their assumption is that for each individual particle a layer of 
pure suspending medium exists around the particle surface, and outside this region is 
a mixture of all other suspended particles and the suspending medium. It divides the 
whole surrounding area around the particle into two regions, a pseudo shell (pure 
suspending medium) and the environment (an effective medium). Thus, the pseudo 
shell here describes how close particles are to each other and therefore how many 
particles there are in the volume, e.g. a bigger shell means larger particle-particle 
separation and therefore fewer particles. The size of the pseudo shell is therefore a 
function of particle concentration (volume fraction), e.g. 𝑟𝑠 = 𝑟 (
𝜋
6𝜙
)
1/3
 , where 𝑟𝑠 is 
the radius of the shell and 𝑟 is the radius of the particle and 𝜙 is the volume fraction 
[36]. While the properties of the core and the shell are those of the particle and the 
continuous phase respectively throughout, effective properties must be used for the 
effective medium and they can be calculated using a ‘volume-average’ method, e.g. 
𝜌𝑒𝑓𝑓 = (1 − 𝜙)𝜌 + 𝜙𝜌
′ , where 𝜌𝑒𝑓𝑓 is the effective density, 𝜌 is the density of the 
continuous phase and 𝜌′ is the density of suspended phase [36]. Similar to what Anson 
and Chivers had done, Hipp et al. solved the boundary equations and obtained a 12 by 
12 matrix equation which gives the scattering coefficient [42]. However, some 
adjustments need to be made when using the coefficient obtained to calculate the 
attenuation or velocity of sound. Whereas in Anson and Chivers core-shell model, it is 
the scattering coefficient in the continuous phase (𝐴𝑛) that is used, Hipp et al. chose 
the coefficient 𝐺𝑛, which represents the compressional wave in the shell after careful 
evaluation. This coefficient can then be used by single scattering ECAH or multiple 
scattering by Lloyd and Berry to calculate the effective wavenumber, in order to 
interpret ultrasonic measurements on concentrated systems.  
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Figure 0.11 Schematic diagram demonstrating the core-shell model interpreted by Hipp et al. 
[35,36] for multiple scattering problem.  
The core-shell model with Hipp’s interpretation has been shown to have some success 
in applying to concentrated particulate systems [42]. However, similar to the Anson 
and Chivers model, the disadvantage is that the model involves solving a 12 by 12 
matrix equation which can be ill-conditioned and computationally complicated. It is 
therefore difficult to use this model for real in-line process monitoring in industry.  
In the next chapter, the complexity of the core-shell model will be shown and a method 
to solve the matrix equation for an analytical solution will be presented. There are two 
aims the derivation of the analytical solutions to the core-shell model expects to 
achieve:  
i. the model will be applied to particles modified with a shell layer as an example 
to use the model to solve real core-shell particle problems. This model can also 
be used to predict the ultrasonic characteristics of this kind of hybrid particles. 
ii. the analytical solution of the model can also be simplified and expanded in 
series of volume fractions. By this means it can be used for concentrated solid 
suspensions where shear effects on multiple scattering are not negligible.  
However, the second aim has not been achieved in this research and can be considered 
as a potential area of future work.  
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2.8 Conclusion  
This chapter has given a brief introduction to the theories of propagation of ultrasound 
in particulate systems. The principles of ultrasonic measurement techniques were also 
explained. A review of the development of the single scattering ECAH model was 
provided where its limit in highly concentrated systems was shown even with the LB 
multiple acoustic scattering approach. The new model developed to include shear 
effects for multiple scattering in suspensions was introduced and it is experimentally 
validated for its applicability in the following chapters (the method is described in 
Chapter 4 and the results are presented and discussed in Chapter 5). The core-shell 
model with modification by Hipp et al. was introduced an alternative for the multiple 
scattering problem in concentrated systems and a tour of the development of the 
original core-shell model defined by Anson and Chivers was provided. The 
disadvantage of this model is the complexity of the matrix equation and its 
mathematical instability. Thus, in Chapter 3 the analytical solution to the matrix model 
is derived with some assumptions made and validated against the full matrix model 
and the ECAH model in special cases. A feasibility study of the application of ultrasound 
in hybrid particles is carried out in Chapter 4 and the results are presented in Chapter 5, 
where the core-shell model is used to interpret the ultrasound measurements.   
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Chapter 3 Computation of scattering 
coefficients for core-shell particles 
3.1 Introduction 
In the last chapter, the Anson and Chivers core-shell model was introduced as an 
alternative solution to the problem of ultrasound propagation in concentrated 
suspensions. In its original form, however, it applies to real core-shell particulate 
systems, and therefore could be used to interpret ultrasound measurements for 
suspensions of polymer-modified nanoparticles. However, as discussed in the last 
chapter, the original core-shell model involves the solution of a 12 by 12 matrix 
equation (see Equation 2.81 in Chapter 2 section 2.7), which can be ill-conditioned, 
e.g. near-singularity of the boundary condition matrix occurs when thermal effects or 
shear effects are small. The purpose of this work was to produce a relatively simple 
formula for calculating the scattering coefficients which can be used directly to analyse 
ultrasonic data experimentally collected. In this chapter, an analytical solution to the 
scattering coefficient 𝐴𝑛 will be derived for the partial wave orders of zero (𝐴0) and 
one (𝐴1 ) for the core-shell model. Long wavelength limits were assumed for the 
compressional mode in the suspending phase and the shear mode in the suspended 
phase, in order to reduce the significant complexity of the general solution derived for 
𝐴0  and 𝐴1 . The analytical solution derived can then be extended for concentrated 
systems, to address the multiple scattering problem associated with thermal or shear 
effects, but this has not been addressed in this research.  
In the following section, a detailed description of the method of solving for the 
analytical solution is provided and the derived formulae for 𝐴0 and 𝐴1 are presented 
and discussed. The derivation of the analytical formulae is performed with MapleTM 18, 
a mathematics analytical tool developed by Maplesoft, a division of Waterloo Maple 
Inc. The accuracy of the analytical formulae is then tested by two approaches. Firstly, 
the analytical formulae are compared numerically with the full Anson and Chivers 
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core-shell matrix model programmed with MATLAB. The comparison is carried out 
with two examples, i.e. a solid core with a liquid shell and a liquid core with a solid 
shell, in a fixed frequency range and temperature. Then the analytical formulae are 
compared with the ECAH model analytically and numerically in special cases where 
the core or the shell is very small, using the physical properties of the same examples.  
3.2 Method to solve the core-shell matrix model for 𝑨𝟎 and 
𝑨𝟏  
A detailed description of the core-shell model has been provided in Chapter 2 
section 2.7. The left-hand side and right-hand side (represented by LHS and RHS in the 
following discussion) matrices are explicitly known (see Equation 2.81) and therefore 
the matrix equation can be solved for 12 scattering coefficients, namely 𝐴𝑛, 𝐵𝑛, 𝐶𝑛, 
𝐷𝑛 , 𝐸𝑛 , 𝐹𝑛 , 𝐺𝑛 , 𝐻𝑛 , 𝐼𝑛 , 𝐽𝑛 , 𝐾𝑛  and 𝐿𝑛 . As explained in Chapter 2, the acoustic 
characteristics of particulate systems are dependent on the coefficient 𝐴𝑛  in most 
cases as waves represented by the rest of the coefficients are damped near the 
particle surface.  
The solution of the core-shell model for the zero and first partial wave order scattering 
coefficients 𝐴0  and 𝐴1  in this work assumes long compressional wavelength limit, 
where the relating compressional wave number radius products are small (e.g. 𝑘𝑐1𝑟𝑠, 
𝑘𝑐2𝑟𝑠, 𝑘𝑐2𝑟𝑐, and 𝑘𝑐3𝑟𝑐), and these steps are followed to obtain the analytical solution:  
• simplification of the matrix by removing the associated columns, i.e. for zero 
partial wave order, columns relating to shear terms are removed, and for first 
partial wave order, columns relating to thermal terms are removed;  
• Gaussian elimination step after reversing the matrix. Gaussian elimination was to 
further reduce the matrix so that it can be programmed by the computer, and 
reversing the matrix was to retain the scattering coefficient 𝐴𝑛;  
• solving the matrix equation for the scattering coefficient 𝐴𝑛. The first three rows 
of the matrix (algebraic manipulations in 𝑑𝑖𝑗) are simplified by replacing them with 
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shorter notations (𝑒𝑖𝑗) before solving, and these shorter notations are substituted 
with the original elements (𝑑𝑖𝑗) in the obtained analytical solution to 𝐴𝑛;  
• substitution of the expressions for the elements in the matrix (including 𝑑𝑖𝑗 and 𝐶𝑖, 
and their expressions are in Appendix 1.4);  
• expansions of the spherical Bessel and Hankel functions ( 𝑗𝑛  and ℎ𝑛 ) for the 
compressional wave mode (their series expansions, see Equation 3.10) are used 
only up to the fifth order in the argument for the compressional wave mode, while 
the thermal and shear wavelengths are kept of any size initially to achieve a more 
general solution of 𝐴𝑛  but certain assumptions are also made relating to 
expansions of Bessel and Hankel functions for solution to 𝐴0 or 𝐴1 in the following 
sections;  
• taking the leading term as the final solution to  𝐴𝑛. A series expansion is obtained 
for the coefficient 𝐴𝑛  by expressing all dependencies on the term 𝑘𝑐1𝑟𝑠 , in the 
knowledge that the series should be approximated sufficiently by only a single 
term, or possibly two terms of the series, where the first term is expected to be of 
order (𝑘𝑐1𝑟𝑠)
3.  
The programme codes in MapleTM 18 for the derivation of the analytical solutions of 
𝐴0 and 𝐴1 for the Anson and Chivers matrix model are provided in Appendix 2.1 and 
Appendix 2.2 respectively.  
3.3 Solution of the core-shell model for 𝑨𝟎  
For the zero partial wave order, which is spherically symmetric, the 12 by 12 matrix is 
simplified by removing the matrix elements related to the shear mode and the 
boundary equations relating to the polar component of velocity and stress, as shear 
waves do not have spherically symmetric components. The LHS and RHS matrixes are 
reconstructed into a simpler form. The LHS is reduced to an 8 by 8 matrix by deleting 
row 2, 6, 8 and 12 as well as column 3, 6, 9 and 12. RHS is also reduced to an 8 by 1 
matrix by deleting the same row. Hence the original matrix equation becomes: 
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 (3.1) 
However, the simplified matrix still exceeded computational power with MapleTM 18. 
Thus, it was further reduced manually by performing one Gaussian Elimination step 
on the matrix. Firstly, the LHS is reversed diagonally and the RHS vertically to avoid 
eliminating 𝐴𝑛 when a Gaussian elimination is carried out. The matrix becomes:  
 (3.2) 
After a Gaussian elimination operation, the LHS becomes 
 (3.3) 
while the RHS remained unchanged. Deleting the row 1 and column 1 on LHS gives:  
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 (3.4) 
and by deleting row 1, RHS becomes:  
 
 (3.5) 
In order to further simplify the algebraic manipulations, the first three rows on the 
LHS were expressed using a shortened notation thus  
 (3.6) 
where 𝑒𝑖𝑗 = 𝑓(𝑑𝑖𝑗) determined by comparing Equation 3.6 with Equation 3.4.  
Solving the matrix equation above gives 7 scattering coefficients. The 𝐴𝑛 here is of an 
order of zero so is referred to as 𝐴0  instead. The solution to 𝐴0  is somewhat too 
complicated to display here but simply it contains elements of 𝑒𝑖𝑗, 𝑑𝑖𝑗 and 𝐶𝑖, which 
can be expressed as: 𝐴0 = 𝐴0(𝑒𝑖𝑗, 𝑑𝑖𝑗 , 𝐶𝑖). Substituting 𝑒𝑖𝑗 = 𝑓(𝑑𝑖𝑗) into the solution 
to 𝐴0 gives its full expression in 𝑑𝑖𝑗 and 𝐶𝑖, simply 𝐴0 = 𝐴0(𝑑𝑖𝑗, 𝐶𝑖).  
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The expressions for 𝑑𝑖𝑗  and 𝐶𝑖  in Appendix 1.4 are then substituted into the 𝐴0 
solution and they are written in terms of:  
• spherical Bessel and Hankel functions represented by 𝑗𝑛 and ℎ𝑛; 
• compressional, thermal and shear wave number-radius products 𝑥𝑑, 𝑥𝑡, 𝑥𝑠 and 𝑦𝑑, 
𝑦𝑡 , 𝑦𝑠 , where 𝑥  and 𝑦  refer to the shell and core boundaries respectively, and 
numbers are used in the subscript 1, 2 and 3 to represent the different material in 
the surrounding phase, the shell and the core respectively; 
• thermal factors (relating wave potential to temperature) 𝑏𝑐 and 𝑏𝑡; 
• ratios of density, thermal conductivity between the phases in the core-shell system 
and ratio of radius between the core and the whole particle; 
The spherical Bessel and Hankel functions 𝑗𝑛  and ℎ𝑛  can be expressed as series 
expansions taking the following forms:  
𝑗𝑛(𝑥) =
𝑥𝑛
1 ∙ 3⋯ (2𝑛 + 1)
[1 −
𝑥2
2 ∙ (2𝑛 + 3)
+
𝑥4
2 ∙ 4 ∙ (2𝑛 + 3)(2𝑛 + 5)
− ⋯ ] (3.7) 
ℎ𝑛(𝑥) = 𝑖
−(𝑛+1)
𝑒𝑖𝑥
𝑥
[1 +
(𝑛 + 1)! 𝑖
(𝑛 − 1)! 1! 2𝑥
+
(𝑛 + 2)! 𝑖2
(𝑛 − 2)! 2! (2𝑥)2
+ ⋯ ] (3.8) 
Here 𝑛 is the partial wave order. It can be seen that the Bessel function 𝑗𝑛 is an infinite 
series and the Hankel function ℎ𝑛 terminates (for 𝑛 = 0 or 𝑛 = 1, only the constant 
term exists as the factorials are either zero or negative). However, 𝑒𝑖𝑥  can also be 
expressed as power series:  
𝑒𝑖𝑥 = 1 + 𝑖𝑥 +
(𝑖𝑥)2
2!
+
(𝑖𝑥)3
3!
+
(𝑖𝑥)4
4!
+
(𝑖𝑥)5
5!
+ ⋯ (3.9) 
Thus, for 𝑛 = 0 and 𝑛 = 1, the series expansions for 𝑗𝑛 and ℎ𝑛 are both infinite:  
ℎ1 = −
𝑖
𝑥
+ 1 +
𝑖
2
𝑥 −
1
6
𝑥2 −
𝑖
24
𝑥3 +
1
120
𝑥4 + ⋯ 
𝑗1 = 1 −
1
6
𝑥2 +
1
120
𝑥4 + ⋯ 
ℎ2 = −
𝑖
𝑥2
−
𝑖
2
+
1
3
𝑥 +
𝑖
8
𝑥2 −
1
30
𝑥3 −
𝑖
144
𝑥4 +
1
840
𝑥5 + ⋯ 
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𝑗2 =
1
3
𝑥 −
1
30
𝑥3 +
1
840
𝑥5 + ⋯ (3.10) 
As long wavelength limit is assumed for compressional mode, 𝑘𝑐1𝑟𝑠, 𝑘𝑐2𝑟𝑠, 𝑘𝑐2𝑟𝑐, and 
𝑘𝑐3𝑟𝑐  are small and the Bessel and Hankel series expansions are truncated at fifth 
order, i.e. (𝑘𝑐1𝑟𝑠)
5. For thermal shear wave mode, the Bessel and Hankel functions are 
not expanded.  
Simplification of the thermal factors 𝑏𝑐 is made to show explicitly its dependence on 
𝑘𝑐. The general expressions are written depending on the phase of the material they 
refer to, using the conversion 𝜇 = −𝑖𝜔𝜂:   
for a solid,  
𝑏𝑐 = −
𝛾
𝑐0
2𝛽
[𝜔2 − (
𝑐0
2
𝛾
+
4𝜇
3𝜌
)𝑘𝑐
2] (3.11) 
𝑏𝑡 = −
𝛾
𝑐0
2𝛽
[𝜔2 − (
𝑐0
2
𝛾
+
4𝜇
3𝜌
)𝑘𝑡
2] (3.12) 
and for a liquid, 
𝑏𝑐 = −
𝛾
𝑐2𝛽
[𝜔2 − (
𝑐2
𝛾
−
4𝑖𝜔𝜂
3𝜌
)𝑘𝑐
2] (3.13) 
𝑏𝑡 = −
𝛾
𝑐2𝛽
[𝜔2 − (
𝑐2
𝛾
−
4𝑖𝜔𝜂
3𝜌
)𝑘𝑡
2] (3.14) 
Using Pinfield’s approximation [66] for 𝑏𝑐 for both liquid and solids  
𝑏𝑐 = −
(𝛾 − 1)
𝛽
𝑘𝑐
2 (3.15) 
gives the following expressions to show explicitly the dependence on 𝑘𝑐
2:  
𝑏𝑐 = 𝑃𝑘𝑐
2 (3.16) 
for solid material, and  
𝑏𝑐 = 𝑅𝑘𝑐
2 (3.17) 
for liquid material respectively, where 𝑃 = 𝑅 = −
(𝛾−1)
𝛽
.  
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For the convenience of collecting 𝑘𝑐1𝑟𝑠, all the expressions and expansions related to 
compressional terms are written in 𝑘𝑐1𝑟𝑠 , i.e. 𝑘𝑐2𝑟𝑠 = 𝑘𝑐1𝑟𝑠 ∙ (𝑘𝑐2/𝑘𝑐1) , 𝑘𝑐3𝑟𝑠 =
𝑘𝑐1𝑟𝑠 ∙ (𝑘𝑐3/𝑘𝑐1), where the ratio 𝑘𝑐2/𝑘𝑐1 and 𝑘𝑐3/𝑘𝑐1 are assumed of order unity. 
After substitution of the expressions above into the analytical solution to the matrix 
equation, the leading term in 𝑘𝑐1𝑟𝑠  was taken to the order of 3 as the analytical 
formula for calculating the zero-order scattering coefficient 𝐴0 . An expression has 
been obtained for this coefficient at order (𝑘𝑐1𝑟𝑠)
3 , but it is complicated and not 
reproduced here. Also, 𝑃𝑘𝑐
2  and 𝑅𝑘𝑐
2  are converted back into 𝑏𝑐  in the analytical 
solution.  
The zero-order coefficient can be further divided into a thermal part, which is due to 
the difference in the thermal properties of the suspended phase and continuous phase, 
and a non-thermal part, which is caused by the effects of difference in compressibility 
and attenuation between the suspended phase and continuous phase. When the 
thermal contribution is negligible in the system, the terms relating to the thermal 
mode are very small and this will cause nearly singularity of the matrix equation. To 
avoid this, the non-thermal solution can be used as an approximation for coefficient 
𝐴0 in these conditions. Thus, the zero-order coefficient 𝐴0 is written as a sum of a non-
thermal term and a thermal term:  
𝐴0 = 𝐴0𝑁 + 𝐴0𝑇 (3.18) 
The non-thermal solution can be derived by solving the matrix equation (Equation 3.1) 
with the thermal terms neglected (by removing rows 3, 4, 9 and 10, and columns 2, 5, 
8, 11). The thermal part can then be obtained by subtracting the non-thermal part 
from the full solution. Hence, the analytical solution of 𝐴0 is separated into a non-
thermal part 𝐴0𝑁 and a thermal part 𝐴0𝑇, taking the following forms:  
𝐴0𝑁 = −
1
3
𝑖𝑘𝑐1𝑟𝑠 [(𝑘𝑐1𝑟𝑠)
2 − (𝑘𝑐2𝑟𝑠)
2
𝜌1
𝜌2
+ (𝑘𝑐2𝑟𝑐)
2
𝑟𝑐
𝑟𝑠
𝜌1
𝜌2
− (𝑘𝑐3𝑟𝑐)
2
𝑟𝑐
𝑟𝑠
𝜌1
𝜌3
] (3.19) 
and 
𝐴0𝑇 = 𝑖𝑘𝑐1𝑟𝑠
𝑁1 + 𝑁2 + 𝑁3 + 𝑁4 + 𝑁5 + 𝑁6
𝐷1 + 𝐷2 + 𝐷3 + 𝐷4
(3.20) 
where 
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𝑁1 = −𝐾𝑡2
2 𝐾𝑡3 (
𝑟𝑐
𝑟𝑠
)
2
𝛤𝑡23𝛤𝑐23ℎ̂𝑛(𝑘𝑡1𝑟𝑠)𝑊4(𝑘𝑡2𝑟𝑠, 𝑘𝑡2𝑟𝑐) 
𝑁2 = 𝐾𝑡1𝐾𝑡2
2
𝑟𝑐
𝑟𝑠
𝛤𝑡12𝛤𝑐12𝑗?̂?(𝑘𝑡3𝑟𝑐)𝑊4(𝑘𝑡2𝑟𝑠, 𝑘𝑡2𝑟𝑐) 
𝑁3 = −𝐾𝑡1𝐾𝑡2𝐾𝑡3𝛤𝑡12𝛤𝑐12𝑊2(𝑘𝑡2𝑟𝑠, 𝑘𝑡2𝑟𝑐) 
𝑁4 = 𝐾𝑡1𝐾𝑡2𝐾𝑡3𝛤𝑡12𝛤𝑐23𝑊3(𝑘𝑡2𝑟𝑠, 𝑘𝑡2𝑟𝑠) 
𝑁5 = 𝐾𝑡1𝐾𝑡2𝐾𝑡3 (
𝑟𝑐
𝑟𝑠
)
2
𝛤𝑡23𝛤𝑐23𝑊3(𝑘𝑡2𝑟𝑠, 𝑘𝑡2𝑟𝑐) 
𝑁6 = 𝐾𝑡1𝐾𝑡2𝐾𝑡3 (
𝑟𝑐
𝑟𝑠
)
2
𝛤𝑡23𝛤𝑐12𝑊3(𝑘𝑡2𝑟𝑐, 𝑘𝑡2𝑟𝑐) 
𝐷1 = 𝐾𝑡1𝐾𝑡2
𝑟𝑐
𝑟𝑠
𝑗?̂?(𝑦𝑡3)𝑊2(𝑘𝑡2𝑟𝑐, 𝑘𝑡2𝑟𝑠) 
𝐷2 = 𝐾𝑡2
2
𝑟𝑐
𝑟𝑠
ℎ̂𝑛(𝑥𝑡1)𝑗?̂?(𝑦𝑡3)𝑊4(𝑘𝑡2𝑟𝑠, 𝑘𝑡2𝑟𝑐) 
𝐷3 = 𝐾𝑡1𝐾𝑡3𝑊1(𝑘𝑡2𝑟𝑠, 𝑘𝑡2𝑟𝑐) 
𝐷4 = 𝐾𝑡2𝐾𝑡3ℎ̂𝑛(𝑥𝑡1)𝑊3(𝑘𝑡2𝑟𝑐, 𝑘𝑡2𝑟𝑠) (3.21) 
and  
𝐾𝑡1 = 𝜅1𝑘𝑡1𝑟𝑠 
𝐾𝑡2 = 𝜅2𝑘𝑡2𝑟𝑠 
𝐾𝑡3 = 𝜅3𝑘𝑡3𝑟𝑠 
𝛤𝑡12 =
1
𝜅1𝑏𝑡1
−
1
𝜅2𝑏𝑡2
 
𝛤𝑡23 =
1
𝜅2𝑏𝑡2
−
1
𝜅3𝑏𝑡3
 
𝛤𝑐12 = 𝑏𝑐1 −
𝜌1
𝜌2
𝑏𝑐2 
𝛤𝑐23 =
𝜌1
𝜌2
𝑏𝑐2 −
𝜌1
𝜌3
𝑏𝑐3 
Chapter 3 Computation of scattering coefficients for core-shell particles 58 
 
 
 
ℎ̂𝑛(𝑥𝑡1) =
ℎ𝑛(𝑥𝑡1)
ℎ𝑛+1(𝑥𝑡1)
 
𝑗?̂?(𝑦𝑡3) =
𝑗𝑛(𝑦𝑡3)
𝑗𝑛+1(𝑦𝑡3)
 
𝑊1(𝑋, 𝑌) = ℎ𝑛(𝑋)𝑗𝑛(𝑌) − 𝑗𝑛(𝑋)ℎ𝑛(𝑌) 
𝑊2(𝑋, 𝑌) = ℎ𝑛+1(𝑋)𝑗𝑛(𝑌) − 𝑗𝑛+1(𝑋)ℎ𝑛(𝑌) 
𝑊3(𝑋, 𝑌) = ℎ𝑛(𝑋)𝑗𝑛+1(𝑌) − 𝑗𝑛(𝑋)ℎ𝑛+1(𝑌) 
𝑊4(𝑋, 𝑌) = ℎ𝑛+1(𝑋)𝑗𝑛+1(𝑌) − 𝑗𝑛+1(𝑋)ℎ𝑛+1(𝑌) (3.22) 
The derived 𝐴0 solution is a convenient estimation to use instead of the full matrix 
equation. However, it is found to have significant numerical errors compared with the 
full Anson and Chivers model programmed with Matlab in the non-thermal part. This 
is because only the leading term in (𝑘𝑐3𝑟𝑠)
3 is taken and higher order terms in the 
series are neglected. It is found numerically that additional terms need to be included 
to reduce the error in 𝐴0𝑁 . This numerical investigation was carried out with the 
physical properties of poly(DEA)-modified silica in water suspension (shown in Table 
0.1). By comparing the numerical result of 𝐴0𝑁 calculated using Equation 3.19 and the 
result of non-thermal 𝐴0  produced by solving the matrix equation (with columns 
relating to thermal terms removed) with the same physical properties. The extra terms 
arise from viscous contribution to the radial stress and are combined as:   
𝐴0𝑆 = −
1
3
𝑖𝑘𝑐1𝑟𝑠 {
4
3
(𝑘𝑐2𝑟𝑠)
4
(𝑘𝑠2𝑟𝑠)2
𝜌1
𝜌2
[2 (
𝑟𝑐
𝑟𝑠
)
3
− 1]} (3.23) 
This extra term needs to be added to 𝐴0𝑁  and combine with 𝐴0𝑇  to improve the 
overall precision of the analytical 𝐴0 solution. Hence the final form of analytical 𝐴0 is 
the sum of 𝐴0𝑁, 𝐴0𝑆 and 𝐴0𝑇 
𝐴0 = 𝐴0𝑁 + 𝐴0𝑆 + 𝐴0𝑇 (3.24) 
The analytical solution has been derived for 𝐴0  at order (𝑘𝑐1𝑟𝑠)
3  in the long 
compressional wavelength limit.  
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3.4 Solution of the core-shell model for 𝑨𝟏 
For 𝑛 > 0, the contribution of thermal terms to the scattering coefficients can be 
neglected [66]. The matrix equation is therefore simplified by reducing LHS into an 8 
by 8 matrix by deleting rows 3, 4, 9 and 10 (relating to the boundary conditions for 
temperature and heat flux) as well as columns 2, 5, 8 and 11 (relating thermal wave 
modes in each material) and reducing RHS into an 8 by 1 matrix by deleting the same 
rows. Hence the original matrix equation becomes:  
 
(3.25) 
The matrix is then further reduced to 7 by 7 to allow solution using Maple 18 for the 
coefficients, by the same method used for 𝐴0. The solution to 𝐴n is now of an order 
of one and is referred to as 𝐴1. Similarly, the solution to 𝐴1 here is a function of 𝑑𝑖𝑗 
and 𝐶𝑖, simply 𝐴1 = 𝐴1(𝑑𝑖𝑗, 𝐶𝑖).  
Again, the expressions for 𝑑𝑖𝑗 and 𝐶𝑖 (see Appendix 2.4) are substituted to the solution 
to 𝐴1 . The spherical Bessel and Hankel functions 𝑗𝑛  and ℎ𝑛  for 𝑛 = 1  are now 
expanded. Similarly to the derivation of 𝐴0 , they are only expanded for the 
compressional mode and truncated at higher orders. As the terms related to the 
thermal mode are removed from the matrix, 𝑏𝑐 and 𝑏𝑡 are no longer included. Using 
the same approach to collect 𝑘𝑐1𝑟𝑠, substitution of the expressions for 𝑑𝑖𝑗 and 𝐶𝑖 and 
expansions of  𝑗𝑛 and ℎ𝑛 for 𝑛 = 1 gives a leading term in (𝑘𝑐1𝑟𝑠)
3, which is taken as 
the analytical solution to coefficient 𝐴1.  
This general solution to coefficient 𝐴1 is significantly more complicated than 𝐴0 even 
in a leading-term-only form. Thus, long shear wave limit is assumed where the shear 
wavenumber-radius products for substances 2 and 3 are significantly smaller than 1, 
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i.e. 𝑘𝑠2𝑟𝑠 ≪ 1, 𝑘𝑠2𝑟𝑐 ≪ 1 and 𝑘𝑠3𝑟𝑐 ≪ 1. Under such conditions, the spherical Bessel 
and Hankel functions 𝑗𝑛 and ℎ𝑛 are expanded only for small arguments at low orders 
for the shear mode for both substances 2 and 3. The expressions for ℎ𝑛, 𝑗𝑛, ℎ𝑛+1 and  
𝑗𝑛+1 take the following forms:  
ℎ1(𝑥) = −
𝑖
𝑥2
 
𝑗1(𝑥) =
1
3
𝑥  
ℎ2(𝑥) = −
3𝑖
𝑥3
 
𝑗2(𝑥) =
𝑥2
15
(3.26) 
After collecting common terms, the simplified solution takes the following form:  
𝐴1 =
−
1
3 𝑖
(𝑘𝑐1𝑟𝑠)
3
3
(
𝜌2
𝜌1
−
𝜌3
𝜌1
) (
𝑟𝑐
𝑟𝑠
)
3
+ (1 −
𝜌2
𝜌1
)
+ 2 [
3
𝑘𝑠1𝑟𝑠
ℎ1(𝑘𝑠1𝑟𝑠)
ℎ2(𝑘𝑠1𝑟𝑠)
− 1]
(3.27)
 
Although long shear wavelength limit has only been assumed for medium 2 and 3, the 
shear wavelength for medium 1 is not limited. If ℎ1(𝑘𝑠1𝑟𝑠)  and ℎ2(𝑘𝑠1𝑟𝑠)  are also 
expanded, the formula is simplified into:  
𝐴1 =
−
1
3 𝑖
(𝑘𝑐1𝑟𝑠)
3
3
(
𝜌2
𝜌1
−
𝜌3
𝜌1
) (
𝑟𝑐
𝑟𝑠
)
3
+ (1 −
𝜌2
𝜌1
)
−
2
1 +
3𝑖
𝑘𝑠1𝑟𝑠
−
3
(𝑘𝑠1𝑟𝑠)2
(3.28)
 
This is the final result of the derived analytical solution to 𝐴1 , where long 
compressional wavelength as well as long shear wavelength for core and shell are 
assumed, and contribution of thermal terms to 𝐴1 is neglected.  
Now the derived analytical solution of 𝐴0 and 𝐴1 need to be tested for their validity. 
This has been done with a number of careful checks by the following tests:  
• Comparison of the analytical solution of 𝐴0 with the result produced by the full 
matrix of the core-shell model numerically using two examples (section 3.5);  
• Comparison of the analytical solution of 𝐴1 with the result produced by the full 
matrix of the core-shell model numerically using two examples (section 3.6);  
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• Comparison of the analytical solution of 𝐴0 in a special case of very thin core or 
shell, with the ECAH model both analytically and numerically using two examples 
(section 3.7);  
• Comparison of the analytical solution of 𝐴1 in a special case of very thin core or 
shell, with the ECAH model both analytically and numerically using two examples 
(section 3.8);  
3.5 Comparison of analytical solution of 𝑨𝟎  with the full 
matrix core-shell model numerically  
The derived analytical solutions to the zero and first order scattering coefficients were 
compared with the original full core-shell model programmed using MATLAB (version 
R2016a, programmed and tested by Valerie Pinfield). The coefficients were estimated 
for two example core-shell particles, which are a silica-poly(DEA) and a hexadecane 
oil-polystyrene, representing a solid-liquid core-shell case and a liquid-solid core-shell 
case respectively. The physical properties used for the simulations are given in Table 
0.1 and Table 0.2. As can be seen from Table 0.1, the ultrasonic and thermal properties 
of the poly(DEA) shell are assumed to be the same as water, in the absence of any 
measured values for these properties. The viscosity of the shell is assumed to be 4 Pa s 
and the densities of the poly(DEA) shell and silica are measured by the method 
described in Chapter 4 section 4.2.3. The rest of the physical properties are taken from 
[6]. The numerical results are produced over a frequency range of 0.01 to 100 MHz, 
with a fixed overall particle diameter of 0.50 μm at a constant temperature of 25 °C.  
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Table 0.1 Physical properties of silica-poly(DEA)-water at 25 °C. 
 Core Shell Continuous 
phase 
Substance  Silica Poly(DEA) Water 
Phase  Solid Liquid Liquid 
Sound velocity, m s-1  5968(a) 1497(a) 1497(a) 
Density, kg m-3  2023(b) 1091(c) 997(a) 
Shear modulus, GPa  30.9(a) - - 
Shear viscosity, Pa s  - 4(d) 0.000891(a) 
Thermal conductivity, J m-1 s-1 K-1  1.6(a) 0.595(a) 0.595(a) 
Specific heat capacity, J kg-1 K-1  729(a) 4179(a) 4179(a) 
Thermal expansivity, K-1  1.35x10-6(a) 0.00021(a) 0.00021(a) 
Attenuation factor, Np m-1 MHz-2  2.6x10-10(a) 0.023(a) 0.023(a) 
 
Table 0.2 Physical properties of hexadecane oil-polystyrene-water at 25 °C. 
 Core Shell Continuous 
phase 
Substance  Hexadecane oil Polystyrene Water 
Phase  Liquid Solid Liquid 
Sound velocity, m s-1  1299(a) 2330(a) 1497(a) 
Density, kg m-3  1000(a) 1053(a) 997(a) 
Shear modulus, GPa  - 1.27(a) - 
Shear viscosity, Pa s  0.00663(a) - 0.000891(a) 
Thermal conductivity, J m-1 s-1 K-1  0.141(a) 0.14(a) 0.595(a) 
Specific heat capacity, J kg-1 K-1  2091(a) 1193(a) 4179(a) 
Thermal expansivity, K-1  0.000775(a) 0.00021(a) 0.00021(a) 
Attenuation factor, Np m-1 MHz-2  0.145(a) 0.1(a) 0.023(a) 
(a) taken from literature [6]; 
(b) measured by Micrometrics Helium Pycnometer Model 1305; 
(c) calculated by the method described in Chapter 4 section 4.2.3; 
(d) assumed knowing the possible range of value [47].  
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The new solution derived by the method described earlier has been compared 
numerically with the scattering coefficients 𝐴0 and 𝐴1 predicted by the full Anson and 
Chivers model with MATLAB for a fixed particle diameter of 0.5 μm in the frequency 
range of 0.01 to 100 MHz. For the zero-order coefficient, the analytical solution 
combined with the shear-related term 𝐴0𝑆 is also included in the comparison to show 
its improvement in the prediction. The results are shown in Figure 0.1 for the real and 
imaginary parts of the coefficients. The coefficients are scaled by 𝑘𝑐1
3 𝑟𝑠
3 to remove the 
dominant frequency dependence.  
As can be seen from Figure 0.1 (a), for the silica-poly(DEA)-water example, the derived 
solutions are in excellent agreement in the real part with the full matrix solution over 
a wide frequency range (approximately from 0.01 to 1 MHz where 𝑘𝑐1𝑟𝑠  is about 
0.00002 to 0.2, 𝑘𝑡1𝑟𝑠 is about 0.2 to 20, and 𝑘𝑠1𝑟𝑠 is about 0.09 to 9). The error in the 
derived analytical solution without the 𝐴0𝑆 term starts to increase significantly from 
1 MHz, while with 𝐴0𝑆 it can still give a close estimate of the coefficient to the full 
matrix model, to a much higher frequency limit (up to about 40 MHz, where 𝑘𝑐1𝑟𝑠 is 
about 0.1, 𝑘𝑡1𝑟𝑠  is about 15 and 𝑘𝑠1𝑟𝑠  is about 6). Over this limit the modified 
analytical solution starts to overpredict the coefficient while the analytical solution 
without the 𝐴0𝑆 term underestimates it significantly. Overall, by comparison including 
the 𝐴0𝑆 term does improve the prediction accuracy of the derived analytical solution 
in the real part, up to a frequency limit of around 40 MHz, where 𝑘𝑐1𝑟𝑠 is about 0.1. In 
the imaginary part, the 𝐴0𝑆  term seems to make no improvement in the analytical 
solution over the whole frequency range, as almost no difference can be seen 
between the numerical results produced by the analytical solution and its modified 
version. The 𝐴0𝑆 term seems to have very little effect on the imaginary part of 𝐴0. It 
can be seen from Equation 3.23 that  𝐴0𝑆 term contributes mostly to the real part of 
𝐴0 and therefore almost no change is seen in the imaginary part by adding 𝐴0𝑆 to 𝐴0. 
However, there is still agreements between the analytical solutions and the full 
solution up to 20 MHz (𝑘𝑐1𝑟𝑠 = 0.04  and 𝑘𝑠1𝑟𝑠 = 4.19 ) when the error becomes 
significantly large. In conclusion, the 𝐴0𝑆  term improves the overall prediction 
accuracy for the zero-order coefficient in the long wavelength region, and the 
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imaginary part of the analytical solution deviates from that of the full matrix solution 
above 20 MHz.  
For the hexadecane oil-polystyrene-water example in Figure 0.1 (b), the real part of 
the estimated 𝐴0 seems to decrease in amplitude with frequency and then increase 
followed by a decrease. The analytical solutions are in very good agreement with the 
full matrix solution at low frequency. The amplitude of the peak in the real part has an 
error, which may be a result of inaccuracy in the thermal part of the coefficient. In the 
higher frequency region (>40 MHz, where 𝑘𝑐1𝑟𝑠  is about 0.1, 𝑘𝑡1𝑟𝑠  is about 15 and 
𝑘𝑠1𝑟𝑠 is about 6), the analytical solution deviates as assumptions break down but the 
modified analytical solution with the  𝐴0𝑆 term gives a better prediction. Although a 
difference between the analytical solutions and the full matrix solution can be seen, 
the degree of error in the prediction is acceptable. On the other hand, the imaginary 
part of the scaled estimated 𝐴0  is not significantly frequency-dependent. The 
analytical solutions give very similar trends in the numerical results to the full matrix 
model. The modified analytical solution is clearly a closer match to the full model in 
the entire frequency range, with acceptable numerical errors.  
Overall, the modified analytical solution gives a reasonably good estimate of the zero-
order coefficient for the solid-liquid core-shell particle in liquid example in the long 
compressional wavelength limit, and liquid-solid core-shell particle example over the 
frequency range investigated here (𝑘𝑐1𝑟𝑠 is about 0.00002 to 0.2, 𝑘𝑡1𝑟𝑠 is about 0.2 to 
20, and 𝑘𝑠1𝑟𝑠 is about 0.09 to 9) except for frequencies of the amplitude peak when 
thermal effects are strong.  
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Figure 0.1 The real and imaginary parts of the zero-order scattering coefficient scaled by a 
factor of 𝑘𝑐1
3 𝑟𝑠
3 , for the silica-poly(DEA)-water example (a) and the hexadecane oil-
polystyrene-water example (b). The coefficient was estimated by the full Anson and Chivers 
matrix solution, the derived analytical solution, and its modified version which combines the 
additional 𝐴0𝑆 term in MATLAB, with a fixed particle core radius of 0.25 μm and a fixed shell 
size of 0.25 μm, plotted against frequency in the range of 0.01 to 100 MHz, at a constant 
temperature of 25 °C.  
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3.6 Comparison of the analytical solution of 𝑨𝟏 with the full 
matrix core-shell model numerically  
The results for the first partial wave order coefficient 𝐴1 were calculated in MATLAB 
using the analytical solution (Equation 3.28) for long compressional wavelength and 
partially long shear wavelength (for the core and shell media only) limits, as well as 
the full matrix solution, with the physical properties of the two examples (shown in 
Table 0.1 and Table 0.2). The comparison between the analytical solution and the 
prediction by the full matrix model for the first-order coefficient 𝐴1 is shown in Figure 
0.2, where the coefficients have been scaled to remove the dominant frequency 
dependence. As can be seen from plots, the match between the derived analytical 
solution and the full model is extremely accurate over a wide range of frequency, in 
estimating both the real part and imaginary part of the first-order coefficient. For the 
silica-poly(DEA)-water example as shown in Figure 0.2 (a), the plots for analytical 
solution and full model overlay in both the real and imaginary parts until they reach 
the long shear wavelength limit for the shell (about 40 MHz), where 𝑘𝑠2𝑟𝑠  is 
approximately 0.1 and 𝑘𝑐1𝑟𝑠  is 0.08. The analytical solution then starts to 
underestimate the coefficient in the real part and overpredict the imaginary part. As 
shown in Figure 0.2 (b), similar conclusions can be drawn for the hexadecane oil-
polystyrene-water example. However, in this case the divergence in the real part starts 
at a slightly lower frequency (about 35 MHz, where 𝑘𝑠2𝑟𝑠 is approximately 0.1 and 
𝑘𝑐1𝑟𝑠 is 0.08), which is the long shear wavelength limit for this example, and in the 
imaginary part, divergence is delayed until when the frequency is close to 50 MHz, 
where 𝑘𝑠2𝑟𝑠 is approximately 0.17 and 𝑘𝑐1𝑟𝑠 is 0.1. The long shear wavelength limit 
assumption seems to have more effect on the former example than the latter.  
In conclusion, the derived analytical formula is a very accurate solution for estimating 
the first-order coefficient 𝐴1, under conditions in which the shear wavelength in the 
core and the shell is much larger than the particle size, and the compressional 
wavelength is also long.  
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Figure 0.2 The real and imaginary parts of the first-order scattering coefficient scaled by a 
factor of 𝑘𝑐1
3 𝑟𝑠
3 , for the silica-poly(DEA)-water example (a) and the hexadecane oil-
polystyrene-water example (b). The coefficient was estimated by the full Anson and Chivers 
matrix solution and the derived analytical solution in MATLAB, with a fixed particle core size 
of 0.25 μm and a fixed shell size of 0.25 μm, plotted against frequency in the range of 0.01 to 
100 MHz, at a constant temperature of 25 °C.  
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3.7 Comparison of the analytical solution of 𝑨𝟎 in a small 
core or shell case with the ECAH model analytically and 
numerically 
In the previous section the analytical solution was compared with the full model for 
the two examples to test its accuracy. In this section, a further validation of the model 
is reported, for the case of a very small core or shell, for which the analytical solution 
should agree with the ECAH model for a homogeneous particle. This is a way of 
confirming the analytical solution leads to the correct limits in these special cases.  
To obtain an analytical solution for the zero-order coefficient 𝐴0, in the case of an 
infinitely thin shell, 𝑟𝑠 = 𝑟𝑐 and properties of material 2 were matched to material 3, 
e.g. 𝑘𝑐2 = 𝑘𝑐3 , 𝑘𝑡2 = 𝑘𝑡3 , 𝜅2 = 𝜅3 , 𝑏𝑡2 = 𝑏𝑡3 , 𝜌2 = 𝜌3 , and 𝑏𝑐2 = 𝑏𝑐3 . In this case, 
the silica-poly(DEA) particle in water should look like a silica particle in water from the 
ECAH model, and the hexadecane oil-polystyrene particle in water should look like a 
hexadecane oil droplet in water. Similarly, for infinitely small core case, 𝑟𝑐 = 0 and 
properties of material 3 should be replaced with those of material 2 instead.  
Rearranging and simplifying gives the analytical solution to 𝐴0  for the Anson and 
Chivers model in infinitely small shell case:  
𝐴0 = −
1
3
𝑖𝑘𝑐1𝑟𝑠 [(𝑘𝑐1𝑟𝑠)
2 −
𝜌1
𝜌3
(𝑘𝑐3𝑟𝑠)
2]
+ 𝑖𝑘𝑐1𝑟𝑠
𝑏𝑐1
𝑏𝑡1
(1 −
𝜌1𝑏𝑐3
𝜌3𝑏𝑐1
)
ℎ1(𝑘𝑡1𝑟𝑠)𝑘𝑡1𝑟𝑠 (1 −
𝜅1𝑏𝑡1
𝜅3𝑏𝑡3
)
ℎ0(𝑘𝑡1𝑟𝑠) −
𝜅1𝑘𝑡1𝑟𝑠
𝜅3𝑘𝑡3𝑟𝑠
ℎ1(𝑘𝑡1𝑟𝑠)
𝑗1(𝑘𝑡3𝑟𝑠)
𝑗0(𝑘𝑡3𝑟𝑠)
 
 (3.29) 
which agrees with the analytical solution to 𝐴0 derived by Allegra and Hawley for fluid 
particles.   
Now the special cases of the derived solution of 𝐴0 has been validated analytically 
with the ECAH model. It is also important to demonstrate its validity numerically using 
examples. The zero partial wave order scattering coefficient 𝐴0 was calculated using 
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the analytical solution for the silica-poly(DEA)-water system, in the case of a very small 
core, i.e. 𝑟𝑐/𝑟𝑠 = 0.01 and in the case of a very small shell, i.e. 𝑟𝑐/𝑟𝑠 = 0.99. In the 
small core case, the results were compared with a poly(DEA) in water example using 
the ECAH model, and in the small shell case a silica in water example. The coefficient 
was estimated by the derived analytical solution, and its modified version which 
combines the additional 𝐴0𝑆 term for the small core or small shell case for comparison. 
The real and imaginary parts of the coefficient were scaled by a factor of 𝑘𝑐1
3 𝑟𝑠
3 to 
remove the dominant frequency dependence and plotted against frequency in the 
range of 0.01 to 100 MHz in Figure 0.3.   
Figure 0.3 (a) shows that the real part of the scaled coefficient calculated by the 
analytical solutions agree with the ECAH model up to about 1 MHz. Beyond this point 
the modified solution with the 𝐴0𝑆 term gives a closer estimate to the ECAH model 
until when the frequency reaches the limit of around 20 MHz. There is no difference 
between the analytical solution and its modified form in the imaginary part. They are 
both in good agreement with the ECAH model in the lower frequency region (up to 
10 MHz). The small core case of the silica-poly(DEA)-water example seems to agree 
with the ECAH prediction for a poly(DEA) in water emulsion in the lower frequency 
limit.  
In the small shell case as shown in Figure 0.3 (b), the analytical solution seems to give 
a closer result in the real part to the ECAH model without the additional term 𝐴0𝑆, 
although the analytical solution with 𝐴0𝑆  does agree with that without 𝐴0𝑆  and 
poly(DEA) in water in ECAH model, in the real part. The difference between the 
modified solution and the ECAH model increases with frequency. While in the 
imaginary part, neither of the analytical solutions match the ECAH model.  
Overall, the analytical solution improved by 𝐴0𝑆 seems to be in a better agreement 
with the ECAH model when the core is infinitely small than when the shell is infinitely 
small in the silica-poly(DEA)-water example.  
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Figure 0.3 The real and imaginary parts of the zero-order scattering coefficient scaled by a 
factor of 𝑘𝑐1
3 𝑟𝑠
3, for the silica-poly(DEA)-water example with a very small core, i.e. 𝑟𝑐/𝑟𝑠 = 0.01, 
compared with a poly(DEA) in water example (a) and the silica-poly(DEA)-water example with 
a very small shell, i.e. 𝑟𝑐/𝑟𝑠 = 0.99 , compared with a silica in water example (b). The 
coefficient was estimated by the derived analytical solution, and its modified version which 
combines the additional 𝐴0𝑆 term for the small core or shell case and the ECAH model for the 
poly(DEA) in water or silica in water case, with a fixed overall particle size of 0.50 μm, plotted 
against frequency in the range of 0.01 to 100 MHz, at a constant temperature of 25 °C.  
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The zero-partial wave order scattering coefficient 𝐴0 calculated using the analytical 
solution for the hexadecane oil-polystyrene-water system, in the case of a very small 
core, i.e. 𝑟𝑐/𝑟𝑠 = 0.01 and in the case of a very small shell, i.e. 𝑟𝑐/𝑟𝑠 = 0.99. In the 
small core case, the results were compared with a polystyrene in water example using 
the ECAH model, and in the small shell case a hexadecane oil in water example. The 
coefficient was estimated by the derived analytical solution, and its modified version 
which combines the additional 𝐴0𝑆  term for the small core or small shell case for 
comparison. The real and imaginary parts of the coefficient were scaled by a factor of 
𝑘𝑐1
3 𝑟𝑠
3 to remove the dominant frequency dependence and plotted against frequency 
in the range of 0.01 to 100 MHz in Figure 0.4.   
In Figure 0.4 (a) for the infinitely small core case, the analytical solution with or without 
the 𝐴0𝑆 term is in very poor agreement with the ECAH model, i.e. the real part is in an 
opposite notation and the imaginary part is significantly larger.  In the infinitely small 
shell case as shown in Figure 0.4 (b), the analytical solution is in excellent agreement 
with the ECAH model in both the real and imaginary parts. The derived solution seems 
to work well without the 𝐴0𝑆 term in this case and even better in the imaginary part. 
Overall, for the hexadecane oil-polystyrene-water example, the analytical solution 
seems to agree with the ECAH model when the shell is infinitely small and not when 
the core is infinitely small. As the core in example (a) and the shell in example (b) are 
both solid, it can be concluded that the derived analytical solution (with and without 
𝐴0𝑆) breaks down when the core-shell particle is becoming a complete solid particle, 
i.e. liquid core is infinitely small or liquid shell is infinitely small. This also gives 
numerical evidence to the conclusion drawn earlier that the derived analytical solution 
agrees analytically with the ECAH solution for a liquid particle. This indicates that the 
derivation of the zero partial wave order coefficient has an implicit assumption of a 
liquid phase for the core or shell, which limits the application of derived solution. This 
is a potential area of future work.  
The derived analytical solution of 𝐴0 works well in long compressional wavelength 
limit, in the limits of homogeneous particles cases, when the core-shell particle is 
becoming liquid, but it breaks down when the particle is becoming more like a solid.  
Chapter 3 Computation of scattering coefficients for core-shell particles 72 
 
 
 
 
Figure 0.4 The real and imaginary parts of the zero-order scattering coefficient scaled by a 
factor of 𝑘𝑐1
3 𝑟𝑠
3, for the hexadecane oil-polystyrene-water example with a very small core, i.e. 
𝑟𝑐/𝑟𝑠 = 0.01, compared with a polystyrene in water example (a) and the hexadecane oil-
polystyrene-water example with a very small shell, i.e. 𝑟𝑐/𝑟𝑠 = 0.99 , compared with a 
hexadecane oil in water example (b). The coefficient was estimated by the derived analytical 
solution, and its modified version which combines the additional 𝐴0𝑆 term for the small core 
or shell case and the ECAH model for the polystyrene in water or hexadecane oil in water case, 
with a fixed overall particle size of 0.50 μm, plotted against frequency in the range of 0.01 to 
100 MHz, at a constant temperature of 25 °C.  
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3.8 Comparison of the analytical solution of 𝑨𝟏 in a small 
core or shell case with the ECAH model analytically and 
numerically  
The infinitely small core or small shell case for analytical solution to the first order 
coefficient 𝐴1  is much easier to obtain, as the formula does not include as many 
properties as 𝐴0. In the infinitely small shell case, 𝑟𝑐 ≅ 𝑟𝑠 or 𝑟𝑐/𝑟𝑠 ≅ 1 and therefore 
𝐴1 becomes  
𝐴1 =
−
1
3 𝑖
(𝑘𝑐1𝑟𝑠)
3
3
1 −
𝜌3
𝜌1
+ 2 [
3
𝑘𝑠1𝑟𝑠
ℎ1(𝑘𝑠1𝑟𝑠)
ℎ2(𝑘𝑠1𝑟𝑠)
− 1]
(3.30)
 
In infinitely small core case, 𝑟𝑐 = 0  gives the same analytical result except 𝜌3  is 
replaced by 𝜌2 in the equation.  
Allegra and Hawley derived for solid particles in liquid medium taking the following 
form:  
𝐴1 =
1
3 𝑖
(𝑘𝑐1𝑟𝑠)
3 (1 −
𝜌1
𝜌2
) ℎ2(𝑘𝑠1𝑟𝑠)
2 (
𝜌1
𝜌2
− 1) ℎ0(𝑘𝑠1𝑟𝑠) + 3
𝜌1
𝜌2
ℎ2(𝑘𝑠1𝑟𝑠)
(3.31) 
where [1] 
ℎ0(𝑘𝑠1𝑟𝑠) =
3
𝑘𝑠1𝑟𝑠
ℎ1(𝑘𝑠1𝑟𝑠) − ℎ2(𝑘𝑠1𝑟𝑠) (3.32) 
Rearranging gives  
𝐴1 =
−
1
3 𝑖
(𝑘𝑐1𝑟𝑠)
3
3
1 −
𝜌2
𝜌1
+ 2 [
3
𝑘𝑠1𝑟𝑠
ℎ1(𝑘𝑠1𝑟𝑠)
ℎ2(𝑘𝑠1𝑟𝑠)
− 1]
(3.33)
 
which analytically agrees with the infinitely small core or shell case of the derived 𝐴1 
solution for the Anson and Chivers model.  
Now that the derived solution of 𝐴1  has been validated analytically with the ECAH 
model, it is also important to demonstrate its validity numerically using examples. The 
first partial wave order coefficient was calculated using the derived solution of 𝐴1 for 
the silica-poly(DEA)-water example in a small core case, i.e. 𝑟𝑐/𝑟𝑠 = 0.01, compared 
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with a poly(DEA) in water example and in a small shell case, i.e. 𝑟𝑐/𝑟𝑠 = 0.99 , 
compared with a silica in water example. The real and imaginary parts of the 
coefficient were scaled by a factor of 𝑘𝑐1
3 𝑟𝑠
3  to remove the dominant frequency 
dependence and plotted against frequency in the range of 0.01 to 100 MHz in Figure 
0.5.   
Figure 0.5 (a) has shown an extremely good numerical match between the analytical 
solution in the small core case and the ECAH model in both the real and imaginary 
parts, up to 20 MHz, where divergence occurs. In the small shell case as shown in 
Figure 0.5 (b) the analytical solution is in very good agreement with the ECAH model 
over the entire frequency range, with some negligible difference occurring in both the 
real and imaginary parts. As concluded earlier, the analytical 𝐴1 solution matches the 
ECAH solution for solid particles. The analytical solution is therefore expected to break 
down when the core-shell particle is becoming a liquid (in this case, when the core 
infinitely small). However, the analytical solution seems able to give a remarkable 
calculation for 𝐴1  in the long wavelength limit, which is totally acceptable. The 
analytical solution to 𝐴1 seems to work better than that to 𝐴0 when the particle is 
becoming a liquid. According to Allegra and Hawley [2], when the viscosity of the 
particle is high the analytical solution of 𝐴1 for liquid particles can be converted to that 
for solid particles. This explains why the derived analytical 𝐴1 when the core is very 
small and the core-shell particle becomes a viscous liquid.  
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Figure 0.5 The real and imaginary parts of the first-order scattering coefficient scaled by a 
factor of 𝑘𝑐1
3 𝑟𝑠
3, for the silica-poly(DEA)-water example with a very small core, i.e. 𝑟𝑐/𝑟𝑠 = 0.01, 
compared with a poly(DEA) in water example (a) and the silica-poly(DEA)-water example with 
a very small shell, i.e. 𝑟𝑐/𝑟𝑠 = 0.99 , compared with a silica in water example (b). The 
coefficient was estimated by the derived analytical solution for the small core or shell case 
and the ECAH model for the poly(DEA) in water or silica in water case, with a fixed overall 
particle size of 0.50 μm, plotted against frequency in the range of 0.01 to 100 MHz, at a 
constant temperature of 25°C.  
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Figure 0.6 (a) demonstrates an excellent agreement between the analytical solution in 
a small core case and the ECAH model, in both the real and imaginary parts, with some 
divergence in the imaginary part towards the higher frequency end. On the other hand, 
when the shell is very small in Figure 0.6 (b), the plots for analytical solution do not 
overlay with the ECAH model so well. The real part plot of the analytical solution does 
agree with the ECAH model up to 20 MHz when it starts to diverge. The plots for the 
imaginary part do not match, and errors persist over the entire frequency range except 
when they go across each other (at about 60 MHz). The breakdown of the analytical 
solution is expected in the small shell case here as it agrees analytically with the ECAH 
𝐴1 solution for solid particles only.  
Overall, the derived analytical solution of 𝐴1  works well in long compressional 
wavelength limit and long shear wavelength limit for the core and shell, in the limits 
of homogeneous particles cases, when the core-shell particle is becoming a solid or a 
viscous liquid.  
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Figure 0.6 The real and imaginary parts of the first-order scattering coefficient scaled by a 
factor of 𝑘𝑐1
3 𝑟𝑠
3, for the hexadecane oil-polystyrene-water example with a very small core, i.e. 
𝑟𝑐/𝑟𝑠 = 0.01, compared with a polystyrene in water example (a) and the hexadecane oil-
polystyrene-water example with a very small shell, i.e. 𝑟𝑐/𝑟𝑠 = 0.99 , compared with a 
hexadecane oil in water example (b). The coefficient was estimated by the derived analytical 
solution for the small core or shell case and the ECAH model for the polystyrene in water or 
hexadecane oil in water case, with a fixed overall particle size of 0.50 μm, plotted against 
frequency in the range of 0.01 to 100 MHz, at a constant temperature of 25 °C.  
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3.9 Conclusion 
This chapter described the method to derive an analytical solution for the zero-order 
and first-order scattering coefficients 𝐴0 and 𝐴1 for the Anson and Chivers core-shell 
model. The zero-order coefficient 𝐴0  was derived assuming long compressional 
wavelength limit, and was expressed as a sum of a non-thermal part, a thermal part 
and an additional term including the viscous effects at higher orders of 𝑘𝑐1𝑟𝑠 
(Equations 3.18-3.24). The first-order coefficient 𝐴1  was derived for long 
compressional wavelength as well as long shear wavelength in the core and shell 
(Equations 3.27-3.28).  
The analytical solutions were then validated by comparison with the full matrix model 
programmed using MATLAB. The coefficients were calculated using the derived 
analytical solution and the full matrix solution for a solid core-liquid shell in water 
example and a liquid core-solid shell in water example to explore its validity. It was 
concluded that the analytical formula for calculating 𝐴0  gives a more accurate 
prediction by including the additional shear term 𝐴0𝑆 in the long wavelength limit. The 
𝐴1 formula derived is in a very simple form and it also gives an excellent approximation 
in the long shear wavelength limit (in the core and shell).  
A small core or shell case study was then performed to further explore the applicability 
of the analytical solutions in the limits of approaching homogeneous particle cases. 
The derived 𝐴0  in homogeneous particle cases agrees analytically with the ECAH 
solution for liquid particles while 𝐴1 agrees with the ECAH model for solid particles. 
Numerical evidence shows that the analytical 𝐴0  solution breaks down when the 
core-shell particle is becoming a solid particle, and the analytical 𝐴1 solution breaks 
down when the core-shell particle is becoming a liquid particle, unless it is a viscous 
liquid.  
In conclusion, analytical solutions of zero-order and first-order scattering coefficients 
𝐴0 and 𝐴1 have been obtained for core-shell particulate systems and validated using 
two core-shell particles. They can be used to interpret ultrasound measurements for 
characterisation of core-shell particles. However, some assumptions have been made 
for the compressional and shear wave modes which limit the applicability of the 
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analytical solutions. The limiting cases of small core or shell showed that there are 
some material phase assumptions in the core-shell model which causes the analytical 
solutions to break down under certain conditions. This is an area for future 
improvement in order to further generalise the analytical solutions and extend their 
applicability.  
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Chapter 4 Experiment and methods 
4.1 Introduction  
This chapter will give a full description of the experimental methods used in this 
research, including the production of particle suspensions and the ultrasonic 
measurements. Ultrasonic instrumentation was used to investigate core-shell nano-
suspensions and concentrated nano/micro-suspensions, by experimental 
measurements of sound attenuation and/or velocity at a single frequency or as a 
spectrum. The two particulate systems are investigated by different instruments:  
• suspensions made with nano-silica particles modified with pH-resposive 
poly(2-(diethylamino)ethyl methacrylate) (known as poly(DEA) brushes at 
different pH and concentration, with a Pulser-Receiver system and a 
ResoscanTM system;  
• suspensions made with micro/nano-silica particles of four different particle 
sizes at various concentrations, with a UltrasizerTM spectrometer.  
These measurements were interpreted using the theoretical models presented in 
Chapter 2 and the results are presented and discussed in Chapter 5.  
In the following section, the procedure of attaching the poly(DEA) brushes to 
nano-silica and the characterisation of the modified particles are described. The 
ultrasonic experiments are divided into two sections based on the two particulate 
systems described above. In each section, a description of the sample preparation 
procedure will be provided, followed by a brief introduction of the experimental set-
up and a detailed description of the experimental procedure of the ultrasonic 
measurements.  
4.2 Poly(DEA)-coated silica synthesis experiment  
4.2.1 Materials  
De-ionised water was used throughout the synthesis procedure and was produced by 
Millipore Q Elix Essential 3, a water purification system combined with electro-
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deionisation technology. Ethanol (≥99.8%) purchased from Fluka, and tetrahydrofuran 
(THF) (≥99.0%), purchased from Sigma-Aldrich, were used as solvents for dispersion 
and reaction. AngstromSphereTM monodispersed silica powder with a nominal 
diameter of 0.25 micrometers from Fiber Optic Center was used as the core particles. 
Ingredients for synthesis of the poly(DEA) brushes were: (3-aminopropyl) 
triethoxysilane (APTES) (≥98%), 2-bromisobutyryl bromide (BIBB) (98%), triethylamine 
(TEA) (≥99%), 2-(diethylamino)ethyl methacrylate (DEA) (99%), L-ascorbic acid (99.0%), 
2,2'-bipyridine (BPY) (≥99%), and copper (II) bromide (99%). Molecular sieves 4Å (pore 
diameter) were used for de-watering where needed. Aluminum oxide (≥98%) was 
used for chromatography to remove the inhibitor in DEA. All these materials were 
purchased from Sigma-Aldrich.  
4.2.2 Synthesis procedure  
The attachment of the poly(DEA) brushes was based on a method previously published 
in [46,47]. As shown in Figure 0.1, the synthesis procedure can be divided into two 
stages: Initiator-Immobilization (I-I) and Surface-Initiated Atom Transfer Radical 
Polymerization (SI-ATRP).  
Br Br
Br
Br
Br Br
Br
Br
Br
Silica Initiator Poly(DEA)
pH4
pH7
II SI-ATRP
 
Figure 0.1 Illustration of synthesis procedure of poly(DEA) brushes on a nano-silica particle, 
including an Initiator-Immobilization (II) stage followed by Surface-Initiated Atom Transfer 
Radical Polymerization (SI-ATRP), and the response of the finish product to pH in acidic 
conditions.  
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In the initiator immobilization stage, for a 5.00 g batch, 7.80 g of silica powder (an 
additional 2.80 g was added as compensation for the loss during the experiment) was 
dispersed in a centrifuge tube containing de-ionized water, with a pH adjusted to 12 
by adding 1.0 M sodium hydroxide. The silica particles were washed twice with water 
and then ethanol. Throughout the procedure, washing refers to dispersing the 
particles in solvents by sonication and then separating them by centrifugation. The 
silica suspension was then transferred to a round-bottomed flask, to which 2.00 g of 
APTES and 100.00 g of ethanol were added. The bottle was then sealed with a rubber 
stopper and maintained at 40 °C in an oil bath, with magnetic stirring for three hours, 
to allow the reaction to initialise and complete. The suspension was then transferred 
to a centrifuge tube, and washed with ethanol once followed by two washes with THF. 
The solid product was then dispersed in 20.00 g of anhydrous THF (dewatered by 
molecular sieves through water absorption into the pores). The centrifuge tube was 
then sealed with a rubber stopper and the mixture was deoxygenated by purging with 
nitrogen under the surface for two minutes. Then 2.50 ml of BIBB and 3.30 ml of 
anhydrous TEA (dewatered by molecular sieves) were added with hypodermic needles. 
The mixed ingredients were then left stirring for 30 minutes with an active magnetic 
flea at room temperature. When the reaction had finished, the initiator-modified silica 
particles were given two washes of THF, water and ethanol in sequence.  
For the surface-initiated polymerisation stage, the monomer DEA for polymerisation 
was cleaned by a chromatography tube filled with 50 mm of aluminium oxide. The 
initiator-modified silica suspension produced from the earlier stage was transferred 
to a round-bottomed flask, to which 62.50 g of DEA, 12.50 g of water and 39.35 g of 
ethanol were also added. The flask was then sealed and de-oxygenated by purging 
with nitrogen under the liquid surface for 5 minutes. The polymerization reaction was 
then initiated by adding 0.03 g of copper (II) bromide, 0.21 g of BPY and 0.24 g of 
ascorbic acid into the flask. The flask was then re-sealed and de-oxygenated by purging 
nitrogen above the liquid surface for two minutes. The reaction took place at room 
temperature overnight under positive nitrogen pressure (attaching a balloon with 
nitrogen to the flask) at a constant mixing speed. The reaction product was given at 
least three washes of 1:1 (by volume) ethanol-water mixture to prevent further 
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polymerisation. The final particle products were separated from the solvent by a 
Thermo Scientific Heraeus Labofuge 400 Centrifuge and dried in a Technico Vacuum 
Dryer overnight. The poly(DEA)-silica particles are characterised using various 
techniques and methods in the following section.  
4.2.3 Characterisation of poly(DEA)-coated silica  
Thermogravimetric analysis (TGA) was performed for analysing the weight fraction of 
the polymer content in the poly(DEA)-coated silica particle. Samples of 
poly(DEA)-coated silica and unmodified silica were analysed on a PerkinElmer 
Diamond TG/DTA thermal analyser using platinum pans from 30 to 600 °C and at a 
ramp rate of 10 °C min-1 with a constant nitrogen stream of 50 mL min-1. Polymer 
weight fraction was calculated as the weight percentage loss of poly(DEA)-coated silica 
from 150 to 500 °C (to eliminate the effect of residual solvent on the calculation) 
subtracting the weight percentage loss that was recorded for unmodified silica over 
the same temperature range. The weight fraction of the polymer layer can be 
calculated by the following equation:  
𝑤𝑝 = ∆𝑤 − ∆𝑤𝑠 (4.1) 
where 𝑤𝑝 is the weight fraction of the polymer shell in the whole poly(DEA)-coated 
silica particle, ∆𝑤 is percentage difference in the weight of the poly(DEA)-coated silica 
particle over its original weight between 150 °C and 500 °C, and ∆𝑤𝑠 is the percentage 
difference in the weight of unmodified silica particle over its original weight between 
150 °C and 500 °C. The TGA data can be found in Chapter 5 section 5.2 and the 
calculated weight fraction for the polymer layer is 26.66 %. The absolute solid 
densities of the poly(DEA)-coated silica and powdered unmodified silica were 
measured by Micrometrics Helium Pycnometer Model 1305. The average value of five 
measurements was used for both of the particles and the results can be found in 
Chapter 5 section 5.2.  
The density of poly(DEA) brush layer was then calculated knowing the measured 
density of unmodified silica and poly(DEA)-coated silica, by the following equation:  
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𝜌𝑝 =
𝑤𝑝
1
𝜌 −
1 − 𝑤𝑝
𝜌𝑠
(4.2)
 
where 𝜌𝑝  is the density of the poly(DEA) shell, 𝜌  is the density of the whole 
poly(DEA)-coated silica particle, and 𝜌𝑠 is the density of the silica core.  
The dry brush thickness of the poly(DEA) layer was calculated using a measured 
density of 2023 kg m-3 for silica core (shown in Table 5.1 in Chapter 5 section 5.2), and 
a calculated density of 1091 kg m-3 for the poly(DEA) brushes (using Equation 4.2), by 
the following equation [47]:  
𝑡𝑝 = 𝑟𝑠 [(
𝑤𝑝(𝜌𝑠 − 𝜌𝑝) + 𝜌𝑠
𝜌𝑝(1 − 𝑤𝑝)
)
1
3
− 1] (4.3) 
where 𝑡𝑝 is the dry brush thickness of the poly(DEA) layer and 𝑟𝑠 is the radius of the 
silica particle core. Particle sizing of the unmodified silica particles was performed with 
a Beckman Coulter DelsaTM Nano Submicron Particle Size and Zeta Potential Analyzer, 
a particle sizing instrument using a dynamic light scattering method. An average of at 
least three repeats was used. The particle sizing of poly(DEA)-coated silica particles 
was performed with a Malvern Nanosight LM10, a system for characterising nano-
particles in the range of 10 nm to 2,000 nm by Nanoparticle Tracking Analysis. An 
average of 6 measurements was used for each pH value. The pH adjustments were 
performed using either 1.0 M hydrochloride acid or sodium hydroxide with an 
accuracy of ±0.1 pH unit. The results of the calculated/measured properties are 
summarised in Chapter 5 section 5.2.  
4.2.4 Calculation of hydrodynamic concentration of poly(DEA)-coated silica 
suspension  
The poly(DEA)-coated silica particles were dispersed in de-ionised water to make 
samples of suspensions for ultrasonic measurements. When preparing the samples, 
the particles were dispersed in water based on weight fraction converted from volume 
fraction of the particle, using the density of the dry particles. The expected volumetric 
concentration is therefore a ‘dry concentration’ (assuming no volumetric change of 
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the particles). However, when the particles are dispersed in acidic water, their volume 
expands and therefore the volumetric concentration needs to be re-calculated.  
The diameter of a dry poly(DEA)-coated silica particle is calculated as the sum of the 
diameter of the silica core 𝑑𝑠  (unmodified silica particle diameter measured by 
DelsaNano, which is 251.8 nm as shown in Table 5.2 in Chapter 5 section 5.2) and twice 
the dry poly(DEA) shell thickness 𝑡𝑝  (which is 52.34 nm by calculation using 
Equation 4.3):  
𝑑𝑑𝑟𝑦 = 𝑑𝑠 + 2 ∙ 𝑡𝑝 (4.4) 
Assuming spherical geometry of the particles, the change in the volume can be 
calculated from the ratio of their increased diameter in water over their diameter 
when they are dry, thus  
𝑉𝑤𝑒𝑡 = 𝑉𝑑𝑟𝑦 (
𝑑𝑤𝑒𝑡
𝑑𝑑𝑟𝑦
)
3
(4.5) 
where 𝑉𝑑𝑟𝑦 is the volume of poly(DEA)-coated silica particles when they are dry, 𝑉𝑤𝑒𝑡 
is their expanded volume in acidic water, 𝑑𝑑𝑟𝑦 is the dry diameter and 𝑑𝑤𝑒𝑡 is the wet 
diameter. The dry diameter of the poly(DEA)-coated silica particle calculated and the 
hydrodynamic diameter measured are shown in Table 5.5 in Chapter 5.  
The dry volumetric concentration of the poly(DEA)-coated silica particles is  
𝜙𝑑𝑟𝑦 =
𝑉𝑑𝑟𝑦
𝑉𝑑𝑟𝑦 + 𝑉𝑤𝑎𝑡𝑒𝑟
(4.6) 
and therefore, the actual volumetric concentration of the particles in water (‘wet 
concentration’, but referred to as ‘hydrodynamic concentration’ in the following 
sections) will be  
𝜙𝑤𝑒𝑡 =
𝑉𝑤𝑒𝑡
𝑉𝑤𝑒𝑡 + 𝑉𝑤𝑎𝑡𝑒𝑟
=
𝑉𝑑𝑟𝑦 (
𝑑𝑤𝑒𝑡
𝑑𝑑𝑟𝑦
)
3
𝑉𝑑𝑟𝑦 (
𝑑𝑤𝑒𝑡
𝑑𝑑𝑟𝑦
)
3
+ 𝑉𝑤𝑎𝑡𝑒𝑟
=
𝜙𝑑𝑟𝑦 (
𝑑𝑤𝑒𝑡
𝑑𝑑𝑟𝑦
)
3
𝜙𝑑𝑟𝑦 (
𝑑𝑤𝑒𝑡
𝑑𝑑𝑟𝑦
)
3
+ (1 − 𝜙𝑑𝑟𝑦)
(4.7) 
For each sample at each pH, their hydrodynamic concentrations are calculated from 
their dry concentrations and are shown in Table 5.6 in Chapter 5 section 2. 
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4.3 Ultrasonic spectroscopy measurements on suspensions 
of core-shell nano-particles  
4.3.1 Sample preparation for ultrasonic spectroscopy measurements with a 
Pulser-Receiver 
The poly(DEA)-coated silica particles separated from the solvent were dispersed in 
pre-sonicated deionised water at acidic conditions (pH 4.0±0.1) adjusted by 1.0 M 
hydrochloric acid and sodium hydroxide. Three parallel batches of suspension were 
prepared for repeatability. For each batch, approximately 50 ml of suspension was 
prepared with a concentration of about 10% by weight, i.e. poly(DEA)-coated 
silica:water = 1:9. The poly(DEA)-coated silica solids were added to water with an 
active magnetic stirrer and then hydrochloric acid was gradually added to adjust the 
pH to 4. During the ultrasonic measurements, the pH of the samples was adjusted by 
1±0.1 unit over a range of 4 to 6 with 1.0 M sodium hydroxide.  
4.3.2 Ultrasonic spectroscopy measurements with a Pulser-Receiver  
The ultrasonic spectroscopy measurement set-up is shown in Figure 0.2. The system 
consists of a Pulser-Receiver for generating the ultrasonic signal, a sample cell with 
transducers for transmitting and receiving the signal travelling through the tested 
medium, an oscilloscope for digitising the signal and a computer for processing the 
captured signal.  
In principle, the Pulser-Receiver generates an electrical spike pulse which excites the 
transmitting transducer and activates the resonance of the piezoelectric component 
in it. As a result, the electrical signal is converted into a mechanical form and damped 
to create a short ultrasonic wave emitted into the tested medium through the buffer 
layer in the transducer. This ultrasonic signal then travels through the tested medium 
and is usually considered as a plane wave. When the ultrasonic signal arrives at the 
receiving transducer, it is converted back into electronic signal in an inverse way in the 
transmitting transducer. The signal is then amplified by the Pulser-Receiver, output 
through the RF connector and digitised by the oscilloscope.  
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Pulser/Receiver Oscilloscope
Sample cell Computer
 
Figure 0.2 The ultrasonic measurement set-up which is consist of a sample cell immersed in a 
water bath, a Pulser-Receiver which produces ultrasonic signals, an oscilloscope which 
captures the signal and a computer for processing the signal.  
There are two measurement modes in this system, a Pulse-Echo mode and a 
Through-Transmission mode. The details of these two measurement modes have been 
provided in Chapter 2 section 2.2. In this research, the Through-Transmission mode is 
used where two transducers are positioned in parallel and immersed in the tested 
medium and the ultrasonic signal transmitted by one transducer through the test 
medium in the sample cell is received by the other transducer (see Figure 0.3 (a)). 
Coherent measurements are averaged to improve the signal to noise ratio (SNR). The 
velocity and attenuation coefficient can be calculated from these recorded signals, i.e. 
the sound velocity 𝑣 can be calculated from the path-length 𝑑 and the time interval 
(𝑡2 − 𝑡1) between two arrivals of the sound wave at the receiver:  
𝑐 =
2𝑑
𝑡2 − 𝑡1
(4.8) 
In this research, an Olympus Model 5072PR Pulser-Receive was chosen to produce and 
receive the ultrasonic signal. It has a bandwidth of 1 kHz to 35 MHz (at 3 dB) and a 
gain range of 0 to 59 dB in 1 dB increments. The signal generated is a spike pulse of 
voltage amplitude (±1 Volts) with recovery to baseline on the waveform display. The 
optimum pulse width is one half transducer’s characteristic period, which is 
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𝑊𝑝 =
1
2𝑓𝑐
(4.9) 
where 𝑊𝑝 is pulse width and 𝑓𝑐  is transducer’s characteristic frequency.  
The rise time of the pulse is 5 to 10 ns depending on the energy input and damping 
value chosen. In the experiments, Through-Transmission mode was selected and the 
PRF was set to 500 Hz, energy to 3 and damping to 6 for optimum results. The gain 
was set to be 0 dB for measurements with 1 MHz transducers and -10 dB for 5, 10 and 
15 MHz transducers.  
Ultrasonic measurements were made in a sample cell (shown in Figure 0.2) immersed 
in a water bath at 25.0±0.5 °C. The temperature was monitored by a PT100 
thermometer. The dimensions of the sample cell can be found in Figure 0.3 (a). The 
cell allows two pairs of transducers to work simultaneously, with fixed path-lengths 
(4 mm in the upper position and 8 mm in the lower position). The different path-
lengths are used for optimum measurement with transducers with different centre 
frequencies. For example, theoretically transducers with higher centre frequencies 
should be used in the upper slots to bring them closer to each other, so that the 
attenuation of sound can be maintained a reasonable level to detect. On the other 
hand, the transducers with lower centre frequencies with a longer path-length in the 
lower slots will help increase the attenuation of sound to an optimum value. In the 
experiments, 8 mm was chosen for 1 and 5 MHz transducers and 4 mm for 10 and 15 
MHz transducers. The path-lengths were calculated by calibration with de-gassed 
de-ionised water. The calibration data gave the first and second times of arrival, which 
were then used to determine the path length between the pair of transducers 
(8.45±0.02 mm for 1 and 5 MHz transducers, and 4.31±0.07 mm for 10 and 15 MHz 
transducers). The speeds of ultrasonic waves travelling through the samples were 
calculated using speed of sound data from Bilaniuk and Wong [71], according to the 
temperature measured by the thermometer.  
In general, transducers are used to produce and capture ultrasonic waves by 
converting the electronic energy into a mechanical form and vice versa. The internal 
structure of a transducer can be found in Figure 0.3 (b). Usually it has three basic 
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components, including a backing layer, a piezoelectric crystal, and a radiating surface 
also as a buffer layer. The piezoelectric element is responsible for the conversion of 
energy from one form to another, i.e. electrical signal to mechanical waves and vice 
versa. Its thickness is half the wavelength of the characteristic frequency. The backing 
layer is usually a highly dense material with highly attenuating characteristics and it 
can absorb the energy radiated from the back of the piezoelectric layer. It is used to 
control the resolution and amplitude of the acoustic signal, depending on the 
matching of its impedance to the piezoelectric layer. The radiating surface serves as a 
protecting layer for the transducer from the testing environment. It is also a buffering 
layer for immersion applications where exists the high acoustic impedance difference 
between the piezoelectric component and the tested medium.  
Piezoelectric 
crystal BufferBacking
33 mm
13 mm
(a)
(b)
 
 
 
  
 
 
 
 
Transmitting 
transducer
Receiving 
transducer
100 mm
7
0
 m
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Figure 0.3 (a) Schematic diagrams showing the dimensions of the sample cell with a sample 
measured by a pair of ultrasonic transducers, one of which is transmitting signal and the other 
is receiving; (b) The main components of a transducer and its dimensions.  
In the experiments, four pairs of transducers with four different centre frequencies, 1, 
5, 10 and 15 MHz were used. They were Panametrics-NDTTM piezoelectric immersion 
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type transducers manufactured by Olympus, with model numbers V303, V309, V311, 
V319 respectively. The dimensions of each transducer can be seen in Figure 0.3 (b).  
The received signal was digitised by a Tekchonix DPO 2024 Digital Phosphor 
Oscilloscope at a sampling frequency of 1 GHz. For each measurement, there was a 
coherent average of 512 samples. The collected data need to be processed to extract 
the sound attenuation or velocity as a function of frequency. The collected data are 
time domain signals which can be used to obtain the frequency response by Fourier 
Transform, which can also be calculated by the following equation:  
|𝐻(𝜔)| = 𝑒−𝛼(𝜔)∙𝑑 (4.10) 
where 𝐻(𝜔) is the frequency response of the tested material, 𝛼(𝜔) is the attenuation 
coefficient, 𝜔 is the angular frequency and 𝑑 is the pathlength.  
The frequency domain data were oversampled by padding in the time domain using 
MATLAB to give 100,000 frequency points. The received signal can be considered as 
an accumulation of the signal through the system, including the response of the signal 
transmitter, the responses of both the transmitting and receiving transducers, the 
responses of the buffer layers in both transducers, the response in the tested medium 
and the electronic response. These can be written as multiplications in the frequency 
domain:  
𝑌(𝜔) = 𝑋(𝜔) ∙ 𝑇(𝜔) ∙ 𝐶1(𝜔) ∙ 𝐻(𝜔) ∙ 𝐶2(𝜔) ∙ 𝑅(𝜔) ∙ 𝐸(𝜔) (4.11) 
where 𝑌(𝜔) is the frequency response of the received signal, 𝑋(𝜔) is the frequency 
response of the excitation signal, 𝑇(𝜔) is the frequency response of the transmitting 
transducer, 𝐶1(𝜔) is the coupling between the transmitting transducer buffer layer 
and the tested medium, 𝐶2(𝜔)  is the coupling between the receiving transducer 
buffer layer and the tested medium, 𝑅(𝜔) is the frequency response of the receiving 
transducer, and 𝐸(𝜔) is the frequency response of the instrument electronics.  
De-gassed de-ionised water is usually used as a calibration medium (a reference) for 
the transducers in ultrasonic spectrometers, due to its well-known physical properties. 
The received signal for a measurement with water is:  
𝑌𝑅𝐸𝐹(𝜔) = 𝑋(𝜔) ∙ 𝑇(𝜔) ∙ 𝐶1𝑅𝐸𝐹(𝜔) ∙ 𝐻𝑅𝐸𝐹(𝜔) ∙ 𝐶2𝑅𝐸𝐹(𝜔) ∙ 𝑅(𝜔) ∙ 𝐸(𝜔) (4.12) 
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where 𝑌𝑅𝐸𝐹(𝜔) is the frequency response of the received signal for water calibration, 
𝐶1𝑅𝐸𝐹(𝜔) is the coupling between transmitting transducer buffer layer and water, 
𝐻𝑅𝐸𝐹(𝜔)  is the frequency response of water, 𝐶2𝑅𝐸𝐹(𝜔)  is the coupling between 
receiving transducer buffer layer and water. Some of the responses in water 
calibration are considered the same as in the tested medium, including the transmitter 
excitation response, responses of the transducers and the instrument electronic signal. 
By division these can be removed from the calculation:  
𝑌(𝜔)
𝑌𝑅𝐸𝐹(𝜔)
=
𝑋(𝜔) ∙ 𝑇(𝜔) ∙ 𝐶1(𝜔) ∙ 𝐻(𝜔) ∙ 𝐶2(𝜔) ∙ 𝑅(𝜔) ∙ 𝐸(𝜔)
𝑋(𝜔) ∙ 𝑇(𝜔) ∙ 𝐶1𝑅𝐸𝐹(𝜔) ∙ 𝐻𝑅𝐸𝐹(𝜔) ∙ 𝐶2𝑅𝐸𝐹(𝜔) ∙ 𝑅(𝜔) ∙ 𝐸(𝜔)
(4.13) 
Rearranging gives:  
𝐻(𝜔) = 𝐻𝑅𝐸𝐹(𝜔) ∙
𝐶1𝑅𝐸𝐹(𝜔) ∙ 𝐶2𝑅𝐸𝐹(𝜔)
𝐶1(𝜔) ∙ 𝐶2(𝜔)
∙
𝑌(𝜔)
𝑌𝑅𝐸𝐹(𝜔)
(4.14) 
Substituting Equation 4.10 into Equation 4.14 and rearranging gives:  
𝛼(𝜔) =
1
𝑑
ln [
1
|𝐻𝑅𝐸𝐹(𝜔)|
∙
𝐶1(𝜔) ∙ 𝐶2(𝜔)
𝐶1𝑅𝐸𝐹(𝜔) ∙ 𝐶2𝑅𝐸𝐹(𝜔)
∙
|𝑌𝑅𝐸𝐹(𝜔)|
|𝑌(𝜔)|
] (4.15) 
Here 𝑌(𝜔) and 𝑌𝑅𝐸𝐹(𝜔) are experimentally obtained and the frequency response of 
water can be calculated by Equation 4.10, as the attenuation coefficient for water has 
been reported [6]:  
𝛼𝑤(𝜔) = 2.3 × 10
−14 ∙ 𝑓2 (4.16) 
where 𝛼𝑤(𝜔) is the attenuation coefficient for water at 25 °C (in Neper m
-1 s-2) and 𝑓 
is the measurement frequency in Hz.  
As the pathlength is fixed and known for the transducers in the sample cell, the 
frequency response of water can be calculated as:  
|𝐻𝑅𝐸𝐹(𝜔)| = 𝑒
−𝛼𝑤(𝜔)∙𝑑 (4.17) 
The response of the coupling between transducer buffer and tested medium (or water 
calibration) can be calculated as the transmission coefficients between the two 
materials (see Equations 2.15 in Chapter 2 section 2.2), represented by the following 
equations:  
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𝐶1(𝜔) = 𝐶𝑇1 =
2 ∙ 𝑍𝑚𝑒𝑑𝑖𝑢𝑚
𝑍𝑚𝑒𝑑𝑖𝑢𝑚 + 𝑍𝑡𝑟𝑎𝑛𝑠𝑑𝑢𝑐𝑒𝑟
 (4.18) 
𝐶2(𝜔) = 𝐶𝑇2 =
2 ∙ 𝑍𝑡𝑟𝑎𝑛𝑠𝑑𝑢𝑐𝑒𝑟
𝑍𝑚𝑒𝑑𝑖𝑢𝑚 + 𝑍𝑡𝑟𝑎𝑛𝑠𝑑𝑢𝑐𝑒𝑟
(4.19) 
where 𝐶𝑇1 represents the transmission coefficient when sound is travelling from the 
transducer to the tested medium, 𝐶𝑇2 represents the transmission coefficient when 
sound is travelling from the tested medium to the transducer, 𝑍𝑚𝑒𝑑𝑖𝑢𝑚 is the acoustic 
impedance of the tested medium and 𝑍𝑡𝑟𝑎𝑛𝑠𝑑𝑢𝑐𝑒𝑟  is the acoustic impedance of the 
transducer. The acoustic impedance of a material can be calculated from its density 
and speed of sound as (see Equation 2.10 in Chapter 2 section 2.2):  
𝑍 = 𝜌𝑐 (4.20) 
where 𝑍 is the acoustic impedance of the material, 𝜌 is the density and 𝑐 is the speed 
of sound. For water calibration, these properties have been experimentally obtained 
in literature. For the tested medium, these properties need to be either measured or 
assumed. For the transducers, these properties can be obtained from the 
manufacturers or measured experimentally.  
4.3.3 Sample preparation for sound velocity measurements with ResoscanTM 
Poly(DEA)-coated silica particles were dispersed in de-ionised water by weight fraction 
which had been converted from the desired volume fraction (7.00%, which was 
initially chosen to be high enough to give a significantly different sound velocity from 
water yet not too high to cause difficulty in sample preparation or sound velocity 
measurement), where the density of poly(DEA)-coated silica was assumed to be the 
same as unmodified silica. The initial concentration was then corrected by the actual 
density of poly(DEA)-coated silica (measured and shown in Table 5.1 in Chapter 5 
section 5.2) and it is 8.29% by volume. A set of samples (about 10 ml each) were 
produced at a range of pHs (4 to 7) with a large initial batch. The initial batch 
(approximately 50 ml) was prepared by dispersing the dry poly(DEA)-coated silica 
particles in pre-sonicated acidic water (at about pH 3, adjusted with 1.0 M 
hydrochloric acid and 1.0 M sodium hydroxide) with an active magnetic flea and left 
overnight to achieve complete dispersion. Then the large batch was adjusted to pH 7 
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with alkaline (1.0 M sodium hydroxide) and left with magnetic stirrer active for 30 
minutes. The batch was then diluted to the desired concentration (13.00%, which is 
the weight concentration equivalent to 8.29% by volume) with pre-sonicated acidic 
deionised water with the same pH and the diluted sample was left stirring for at least 
30 minutes with an active magnetic flea. This large batch was then used to produce 
four samples (approximately 10 ml each) at a range of pH (4, 5, 6 and 7 respectively). 
Firstly, about 10 ml of sample at pH 7 was withdrawn from the batch and the pH of 
remaining suspension was adjusted to 6 with 1.0 M hydrochloric acid. Then another 
10 ml of sample was removed from the batch to produce a sample at pH 6, and so on 
until the pH was reduced to 4. The samples prepared were expected to be stable 
suspensions as aggregation was unlikely to happen due to the brush protonation of 
the polymer layer attached to the silica core surface under acidic conditions. To avoid 
unlikely sedimentation, each sample was stirred with active magnetic stirrer for at 
least 30 minutes before sound velocity measurement.  
As the ions present in the acidic samples were considered to affect ultrasound velocity 
measurements, it was necessary to measure the ultrasonic properties of the 
suspending medium. A sample of suspension (about 25 ml) was prepared following 
the procedure described above. Initially the sample was prepared at pH 4 and the 
suspending liquid was separated from the particles by a Hermle Z383K High 
Performance Universal Centrifuge at 10,000 rpm for 20 to 30 minutes. After about 15 
ml of the suspending medium was withdrawn from the sample, approximately the 
same amount of deionised water at the same pH was added to the remaining particles 
to recover the sample. Then 1.0 M sodium hydroxide was used to increase the pH of 
the sample from 4 to 5, and the same separation procedure was followed to obtain 
the suspending liquid at pH 5. The concentration of the sample was not maintained 
precisely the same throughout the process. The same method was used for the 
suspending liquid for samples at pH 6 and 7. All the samples (including 
poly(DEA)-coated silica suspensions at different pH and their suspending liquids) were 
collected in 30 ml glass bottles with caps and wrapped with parafilm to reduce 
evaporation.  
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4.3.4 Sound velocity measurements with ResoscanTM  
Ultrasound velocity measurements of poly(DEA)-coated silica suspensions at different 
pH and different concentration were performed using a TF Instrument Inc. ResoscanTM 
(see Figure 0.4), the property of the Food Science Department at University of Leeds. 
As shown in Figure 0.4, the ResoscanTM system consists of (a) a computer installed with 
ResoScanTM software; (b) a cell temperature measurement unit with built-in AURA 
electronics and Peltier thermostat control unit; (c) a resonator unit with built-in 
resonator cell and Peltier thermostat. The resonator module contains two resonance 
cells and the heating/cooling block with the Peltier elements and signal switching 
electronics.  
Computer 
with Resoscan 
software
Resonator 
unit 
(side view)
Cell 
temperature 
measurement 
unit
Peltier 
thermostat 
control 
unit
Resonator 
unit 
(top view)
(a)
(b) (c)
 
Figure 0.4 Instrument Inc. ResoscanTM system which includes: (a) a computer installed with 
ResoscanTM software; (b) a cell temperature measurement unit (top) and Peltier thermostat 
control unit (Bottom); (c) a resonator unit with built-in resonator cell and Peltier thermostat.  
The working principle of the main component of the ResoscanTM system is illustrated 
in Figure 0.5 and the resonator unit is shown in Figure 0.4 (c). The resonator unit has 
two resonator cells and in each one of them there are a pair of transducers on opposite 
sides of the wall. To initiate resonance, a wave is transmitted from one transducer to 
the cell and the frequency tuned until a standing wave is obtained at the resonance 
condition. The resonance response of the tested medium is then measured by the 
other transducer. The resonator cell is precisely designed so that the path-length of 
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the transmitted signal is fixed. As a result, the instrument is able to detect a resonance 
peak for the sample by slowly changing the input frequency with the transmitting 
transducer. The resonance responses to different frequencies are recorded in the 
initialisation process to find the resonance peak. After that, only a single resonance 
peak is chosen automatically and the changes in the peak with frequency are recorded 
to calculate the ultrasonic velocity. In the experiments, the resonance peak frequency 
chosen was approximately 8 MHz.  
Resonator cell
Transmitting 
transducer
Receiving 
transducer
7mm
 
Figure 0.5 Schematic diagram showing the working principle of the resonator cell in the 
ResoscanTM system.  
As Figure 0.4 shows, this ultrasonic system allows two sample measurements to be 
collected at the same time with a high precision (to 0.01 m s-1 accuracy). The data can 
be collected from both cells for ultrasound velocity and attenuation. Both resonator 
cells have a volume capacity of 0.25 ml. It is advised not to overfill the cells as any 
pressure to the resonator cell wall will cause measurement inaccuracy but a minimum 
volume of 0.17 ml should be reached. Precise measurements require homogeneity of 
the samples and therefore it is important to make sure the samples are well dispersed 
during the measurement, yet without any bubbles. The temperature control unit has 
an accuracy of ±0.05 °C and the operational frequency range of the resonator unit is 7 
to 8.5 MHz. The signal strength of the measurement can be set to 0 dB, 6 dB, 12 dB or 
18 dB depending on the sample property.  
The pre-dispersed poly(DEA)-coated silica suspensions were expected to be stable due 
to the repulsive force between the charged polymer chains in acidic conditions. To 
prevent unlikely aggregations, all the poly(DEA)-coated silica suspensions were kept 
in glass bottles with magnetic fleas and were re-dispersed by a magnetic stirrer before 
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measurement for at least 30 minutes to ensure complete dispersion. Before 
conducting experiments, both cells were filled with degassed Millipore water for a 
measurement accuracy check. The measured sound velocity was compared with that 
in the literature [72], calculated as 1496.53 m s-1 at 25 °C. The difference between the 
two cells and literature value and that between the two cells themselves were 
confirmed to be less than 0.15 m s-1. Otherwise the cells were cleaned with 1:1 water-
ethanol solution. The check was stopped when the velocity drift during the resonance 
peak track was no more than 0.003 m s-1.  
Initially, about 0.2 ml of a sample of poly(DEA)-coated silica suspension was pipetted 
into Cell 1 in the resonator unit (see resonator unit top view in Figure 0.4 (c)) and Cell 2 
remained filled with degassed Millipore water. A constant temperature of 25 °C was 
chosen for each measurement and a signal strength of 6 dB or 12 dB was selected 
depending on the sample concentration (i.e. 12 dB was used for higher 
concentrations). The measurement was stopped when the velocity change during the 
resonance peak track was less than 0.003 m s-1 and the sample was removed from 
Cell 1 by a pipette. The cell was then washed three times with 1:1 water-ethanol 
solution and three times with Millipore water. After each measurement, the sample 
was diluted to a lower concentration, by withdrawing a certain amount of the original 
sample to a glass beaker containing a magnetic flea, and then adding acidified 
Millipore water at the same pH to it. The new sample was then dispersed by a 
magnetic stirrer for approximately 30 minutes and pipetted back to Cell 1 for another 
sound velocity measurement. Cell 2 remained filled with Millipore water for 
comparison. This process was repeated with an initial volumetric concentration of 
8.29% until the concentration of the sample was diluted to 0.50%.  
Ultrasound velocity measurements of suspensions of unmodified silica particles were 
also performed to compare with the poly(DEA)-coated silica suspensions. The sample 
was prepared by dispersing powdered silica particles with a nominal size of 250 nm 
from AngstromSphere, in de-ionised water by weight fraction converted from the 
desired volume fraction (8.29%), using the measured density of silica particle in 
Table 5.1 in Chapter 5 section 5.2. The particles were pre-dispersed by stirring with a 
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spatula and then sonicated by a Hielscher UP200S (200 W, 24 kHz) ultrasonic processor 
for complete dispersion.  
4.4 Ultrasonic spectroscopy measurements on 
concentrated nano/micro-particle suspensions  
4.4.1 Materials  
AngstromSphere poly-disperse silica in a powder form with a nominal size of 250 nm, 
500 nm and 1,000 nm in diameter were purchased from Fiber Optic Center. A 
pre-suspended silica (Snowtex-ZL) suspension sample with a nominal particle size of 
100 nm in diameter purchased from Nissan Chemical Industries was also used. 
De-ionised water was used throughout the experimental process and was produced 
by Millipore Q Elix Essential 3.  
4.4.2 Sample preparation for sound attenuation measurements  
The silica particles in a powder form were suspended in de-ionised water in 100 ml 
batches in a beaker, and gently stirred with a spatula to form an initial suspension. 
Then each sample was mixed by a magnetic stirrer before complete dispersion was 
achieved using a high-power sonication instrument, Branson Digital Sonifier 450, at an 
intensity of 30 to 60% in amplitude with an output power of 4 to 400 W, for 
approximately 30 minutes. The samples were then transferred to an orbital shaker to 
avoid aggregation of the particles. The evaporation of water due to the heating caused 
concentration changes. These changes were not taken into account during sample 
preparation but the concentrations were determined subsequently based on 
gravimetric analysis of the samples. The 100 ml batches of particles of the same size 
were mixed to make a 500 ml batch, to satisfy the required volume for the ultrasonic 
measurement. The samples were transferred to sealed plastic containers with active 
magnetic stirrers attached before their transport to the laboratory of the Food Science 
Department at the University of Leeds. On arrival at the laboratory, the suspensions 
were stirred using active magnetic stirrers. The samples were prepared initially by 
volumetric concentration, which was converted into mass concentration knowing the 
densities of the silica of all the sizes (measured experimentally) and water. The 
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following equation describes the relationship between volumetric concentration and 
mass concentration:  
𝜙 =
𝜙𝑚
(
𝜌𝑠
𝜌𝑤
) (1 − 𝜙𝑚) + 𝜙𝑚
(4.21) 
where 𝜙  is volume fraction, 𝜙𝑚  is mass fraction, 𝜌𝑤  is density of water and 𝜌𝑠  is 
density of silica. The initial nominal concentration by volume for each sample and the 
corresponding particle sizes were 18% for 100 nm, 20% for 250 nm, and 40% for 
500 nm and 1,000 nm. A gravimetric analysis was carried out to determine the actual 
concentration of each sample as they were diluted. About 25 ml of the sample 
withdrawn from the Ultrasizer was transferred to a centrifuge tube and then 
separated by a Thermo Scientific Heraeus Labofuge 400 Centrifuge. Then the water 
was removed with a pipette and the centrifuge tube containing the remaining silica 
aggregate was left in a Technico Vacuum Dryer overnight. The actual concentration of 
the sample was calculated knowing the weights of the original sample and the dry 
solids left in the centrifuge tube after vacuum drying. A sufficient number of samples 
at different concentrations were analysed with this method to determine their actual 
concentrations, which were then plotted against the nominal concentrations for each 
sample to derive the actual concentrations for rest of the samples. The results for 
actual concentration can be found in Chapter 5 section 5.4.1.  
4.4.3 Density and particle size distribution measurement  
The density and size of the particles were used for model simulations. Measurements 
of the actual sizes of the silica particles were performed with a Beckman Coulter® 
DelsaTM Nano HC Particle Analyzer, a particle sizing instrument using a dynamic light 
scattering method. Measurement temperature was 25 °C and a refractive index of 
1.3328 [73] was used for the aqueous phase. For each nominal particle size, three 
repeat measurements were made and the results were averaged. Each sample was 
found to have high or moderate polydispersity (𝑃𝐼 <0.11, results can be found in Table 
0.11 in Chapter 5 section 5.2) which suggests they were well dispersed. The median 
value 𝐷50 was used as the particle diameter in the ultrasound simulations. Density 
measurements were conducted with a Micromeritics Helium Pycnometer Model 1305. 
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The actual size and density results for the silica particles can be found in the Chapter 
5 section 5.4.1.  
4.4.4 Sound attenuation measurement with UltrasizerTM  
The experiments were conducted on an ultrasonic spectrometer, Malvern 
Instruments Ultrasizer MSV (shown in Figure 0.6) in the laboratory of the Food Science 
Department at the University of Leeds. The principle of this instrument has been 
reviewed by Povey [7]. The instrument uses a continuous wave technique (description 
of this type of technique has been provided in Chapter 2 section 2.3), which combines 
heterodyne principle detection with signal processing by discrete Fourier transform. 
By this means the sound reverberations are removed and the vector response 
(amplitude and phase) of the tested medium is optimised. The system automatically 
determines the optimal path-lengths for each frequency according to the attenuation 
of the sample, in order to achieve optimum signal to noise ratio (SNR). The output of 
this optimal measurement strategy is attenuation or velocity spectra as a function of 
frequency. The instrument has the capability of generating waves continuously at a 
total number of 2048 frequencies from 0.3 to 200 MHz. For each frequency, a standing 
wave is produced and transmitted to the tested medium. This transmitting signal and 
the vector response of the tested medium to it are measured and processed to give 
the time domain response. The wave signal is produced by two pairs of broadband 
transducers with different centre frequencies. Attenuation coefficients as low as 
0.1 dB cm-1 and as high as several hundred dB cm-1 can be measured over the 
frequency range 1 to 150 MHz with accuracy better than 3.5%. 
The experimental setup is shown in Figure 0.6. Initially, the samples with a volume of 
500 ml were directly introduced to the sample chamber in the instrument. An agitator 
with variable rotational speed was used to maintain the homogeneity of the sample 
during a measurement. The agitator speed was set as high as possible without 
generating bubbles in the sample. The sample temperature was measured by a 
temperature indicator and was maintained at 25±0.2 °C by a circulator which delivers 
cooling/heating water for the sample chamber. For each sample, the ultrasonic 
attenuation spectrum was collected over the frequency range of 1.5 to 95.5 MHz. Each 
Chapter 4 Experiment and methods 100 
 
 
 
sample had 50 collecting points and 5 repeats. On completion of the measurement, 
the sample was withdrawn from the sample chamber and diluted to a lower 
concentration. The required weights of the original sample and water for a desired 
lower volumetric concentration was calculated. The sample was then fed back to the 
sample chamber for a new measurement. The process of sample dilution followed by 
ultrasonic attenuation measurement was repeated till the volumetric concentration 
was brought down to approximately 3%.  
Sample 
chamber
Temperature 
control unit
Computer with 
Ultrasizer software 
Ultrasizer MSV
instrument
Agitator
Temperature 
sensorTransmitting 
transducers
Receiving 
transducers
 
Figure 0.6 Malvern Instruments Ultrasizer MSV experimental setup, including a sample 
chamber with two pairs of transducers, a circulator for temperature measurement and control, 
a computer installed with Ultrasizer software for collecting the data.  
4.5 Statistical tests  
A Student’s t-test was performed to determine whether there is a significant difference 
between two sets of experimental measurements and between a set of measurements 
and a set of model predictions. In order to decide whether the difference between the 
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sample mean ?̅? and the expected value 𝑦 or between two sample means ?̅?1 and ?̅?2 is 
significant, the following null hypothesis is created and tested [74]:  
𝐻0: ?̅? = 𝑦 (4.22) 
or  
𝐻0: ?̅?1 = ?̅?2 (4.23) 
The following equation was used to calculate the test statistic 𝑡  when a set of 
experimental measurements was compared with model predictions [74]:  
𝑡 =
?̅? − 𝑦
𝜎
√𝑛
(4.24) 
where ?̅?  is the sample means with the standard deviations of 𝜎  for 𝑛  repeated 
measurements, 𝑦 is the model prediction result, and the degree of freedom in this test 
is 𝑛 − 1.  
The following equation was used to calculate the test statistic 𝑡 when two sets of 
experimental measurements (with the same sample size) were compared [74]:  
𝑡 =
?̅?1 − ?̅?2
√𝜎1
2 + 𝜎2
2
𝑛
(4.25)
 
where ?̅?1 and ?̅?2 are the sample means with the standard deviations of 𝜎1 and 𝜎2 for 
𝑛 repeated measurements, and the degree freedom in this test is 2𝑛 − 1.  
If |𝑡| > 𝑡𝑛−1, i.e. the absolute value of statistic 𝑡 calculated is greater than the critical 
value 𝑡𝑛−1, the null hypothesis 𝐻0 is rejected, which indicates a significant difference 
between with a particular confidence level. If |𝑡| < 𝑡𝑛−1 , i.e. the absolute value of 
statistic 𝑡 calculated is smaller than the critical value 𝑡𝑛−1, the null hypothesis 𝐻0 is not 
rejected, which indicates no significant difference between with a particular 
confidence level. A significance level of 95% is adopted for all the t-tests performed in 
this research.  
The t-test was performed for the speed of sound measurements on poly(DEA)-coated 
silica suspensions using both the Pulser-Receiver and the ResoscanTM, and for the 
sound attenuation measurements on concentrated silica suspensions using the 
UltrasizerTM. For the speed of sound measurements on poly(DEA)-coated silica 
suspensions using the Pulser-Receiver, the t-test was performed to determine whether 
there is any significant difference in the speed of sound between samples and pure 
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water, between samples at different pHs, and between samples at different transducer 
frequencies. As the sample size 𝑛  is 3, the statistic 𝑡  results calculated for the 
experimental measurements were compared with the critical 𝑡 value, which is 4.303 
for (𝑛 − 1) degrees of freedom and a confidence level of 95%, and is 2.571 for (2𝑛 −
1)  degrees of freedom and the same confidence level. For the speed of sound 
measurements on poly(DEA)-coated silica suspensions using the ResoscanTM, the t-test 
was performed to determine whether there is any significant difference in the speed 
of sound between poly(DEA)-coated silica and unmodified silica or pure water, and 
between the suspending liquid and pure water. The sample means are assumed to be 
the same as the population mean as the measurements have the very high accuracy 
(with a very small variation of 0.01 m s-1). The statistic 𝑡  results calculated were 
compared with the critical 𝑡 value, which is 1.960 with ∞ degrees of freedom and a 
confidence level of 95%. For the attenuation of sound measurements on concentrated 
silica suspensions using the UltrasizerTM, the t-test was performed to determine 
whether there is any significant difference in the attenuation of sound between the 
measurements and the predictions by models. As the sample size 𝑛 is 5, the statistic 𝑡 
results calculated for the experimental measurements were compared with the critical 
𝑡 value, which is 2.776 for (𝑛 − 1) degrees of freedom and a confidence level of 95%.  
The results of the t-test are used in the analysis and discussion in Chapter 5 sections 
5.3 and 5.4.  
4.6 Conclusion  
In this chapter, the experimental methods for sample preparation and ultrasound 
measurements have been presented. The synthesis experiment of poly(DEA) brushes 
on silica particles was described briefly followed by the characterisation of the 
particles with various techniques. The ultrasonic spectroscopy experiments were 
described in two sections based on the particulate systems investigated, including a 
core-shell nano-particle suspension and a concentrated nano/micro-particle 
suspension. For each experimental section, the instrument set-up for the experiments 
were demonstrated followed by the experimental procedure. In the next chapter, the 
experimental data collected with the described methods will be presented and 
discussed by comparison with model simulations.   
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Chapter 5 Results and discussion 
5.1 Introduction  
In this chapter, the results of the ultrasonic experiments are presented and discussed 
for the two suspension systems investigated in this research, with the ultrasonic 
instruments introduced in Chapter 4 following the experimental procedures described. 
The two suspension systems investigated experimentally are: monodispersed silica 
particle suspensions at varying concentrations, and suspensions of silica particles 
modified with poly(DEA) brushes. The experimental results for concentrated silica 
particle suspensions are compared with theoretical predictions using the multiple 
scattering model by Lloyd and Berry [3] and the new shear model by Forrester and 
Pinfield [5]. The sound velocity measurements of suspensions of poly(DEA)-modified 
silica particles are compared with the Anson and Chivers core-shell model (single 
scattering) and the Lloyd and Berry multiple scattering model using the coefficient 
obtained by the Anson and Chivers model. The theories of these models have been 
explained and discussed in Chapter 2. Also in the following section, the results for the 
characterisation of poly(DEA)-coated silica as well as unmodified silica by 
experimental measurement and calculation will be presented.  
Firstly, two sets of measurements were made for the investigation of 
poly(DEA)-coated silica suspensions for different purposes:  
• samples at 10%wt concentration, measured with the Pulser-Receiver ultrasonic 
system in Through-Transmission mode with fixed path-lengths, for 4 transducer 
pairs with different centre frequencies, with moderate temperature control.  
• samples at a range of concentrations and pH, measured using ResoscanTM to 
obtain high accuracy sound velocity measurement, with precise temperature 
control.  
The ultrasonic system with Pulser-Receiver was used for a feasibility study to 
determine whether ultrasound could be used to detect changes in the polymer layer 
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of the poly(DEA)-coated silica with pH. The main aim of this experimental investigation 
was to establish the possibility of using ultrasonic spectroscopy as a tool for 
monitoring the pH-responsive poly(DEA)-modified silica particles in water, where the 
silica core has a diameter of 250 nm. The suspension was made at 10% by weight 
concentration and the ultrasonic measurement was carried out with four pairs of 
transducers with centre frequencies of 1, 5, 10 and 15 MHz using the Olympus Model 
5072PR Pulser-Receiver with temperature controlled at 25.0±0.5 °C (by immersing the 
sample cell in a temperature controlled water bath). The frequency domain response 
and speed of sound in the frequency range of 1 to 20 MHz were obtained. A further 
study of the effect of the polymer shell thickness (and also other properties) due to 
pH change on the ultrasonic characteristics was carried out using the ResoscanTM 
system to collect highly precise sound velocity data for poly(DEA)-coated silica 
suspensions at different pH with varied concentrations. The experimental results were 
compared with simulations using Anson and Chivers core-shell model (single 
scattering), and the Lloyd and Berry multiple scattering model using the scattering 
coefficient calculated by Anson and Chivers model, to find the shell properties that 
best matched experimental results. Four samples were prepared at a weight 
concentration of 13% (which corresponds to a volumetric concentration of 8.29% by 
conversion using calculated density in Table 5.1 in section 5.2) for pH 4, 5, 6 and 7 
respectively. Sound velocity measurements were performed for each sample followed 
by dilution steps for a new measurement at a lower concentration. This was repeated 
until the volumetric concentration was brought down to 0.50%. Full details of the 
experimental method and the models are given in Chapter 4 section 4.3 and Chapter 
2 sections 2.5 and 2.7, respectively. The set of concentrations used is shown in Table 
5.6 in section 5.2.  
The second part of the experimental programme focused on concentrated silica 
suspensions with different particle sizes and concentrations. A new model has been 
developed by Forrester and Pinfield [75] to include the shear effects on multiple 
scattering for concentrated particulate systems, as discussed in Chapter 2. The 
purpose of this experimental investigation was to study the shear effect in 
concentrated systems and the applicability of the new model as well as its advantage 
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over the classic model. The suspensions for ultrasonic measurements were prepared 
with initial nominal volumetric concentrations of 20% for samples with particle sizes 
of 100 nm and 250 nm in diameter, and 40% for samples with particle sizes of 500 nm 
and 1000 nm in diameter. The concentrations were brought down to 3% at about 3% 
intervals for attenuation measurements as the samples were diluted (they were then 
corrected using a gravimetric analysis, as explained in Chapter 4 section 4.4.2). The 
simulation results by the new model were compared with the classic ECAH/LB model. 
Full details of the experimental method and the models are given in Chapter 4 section 
4.4 and Chapter 2 sections 2.5 and 2.6, respectively.  
5.2 Characterisation results for poly(DEA)-coated silica and 
unmodified silica  
The physical characteristics of the poly(DEA)-coated silica and unmodified silica were 
determined using thermo-gravimetric analysis (TGA, for weight fraction of the 
poly(DEA) shell on the modified silica particle) and Micromeritics 9200 Helium 
Pycnometer (for densities of both the poly(DEA)-coated silica and unmodified silica), 
and particle sizing techniques, including Beckman Coulter DelsaTM Nano Submicron 
Particle Size and Zeta Potential Analyzer and Malvern Nanosight LM10.  
The thermogravimetric analysis in Figure 0.1 shows that the weight loss in 
poly(DEA)-modified silica due to heat is different from that in bare silica under the 
same conditions. A more rapid decrease in weight is observed for poly(DEA)-modified 
silica and this is due to the decomposition of the shell at high temperature. The 
significantly smaller weight loss in bare silica indicates that silica is much more heat 
resistant. The weight fraction of the poly(DEA) shell calculated is 26.67%. The density 
and thickness of the poly(DEA) shell are then calculated by the method described in 
Chapter 4 section 4.2.3, with the weight fraction of the poly(DEA) shell and the density 
and size data for the unmodified silica and the poly(DEA)-coated silica.  
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Figure 0.1 Thermogravimetric analysis for poly(DEA)-coated silica and unmodified 250 nm 
silica in the temperature range of 150 to 500 °C, with the experimental method described in 
Chapter 4 section 4.2.3.  
Pycnometer measurements for the particle density are shown in Table 0.1. The density 
of poly(DEA)-coated silica is much smaller than that of bare silica. This is due to the 
poly(DEA) layer which is very light even in a solid form (calculated and shown in Table 
0.4). Note that this is the ‘dry density’ of the poly(DEA) layer, which expands in acidic 
water and therefore has a different density. However, it is the dry density that is used 
in the simulation. The dry density of the poly(DEA) layer calculated using Equation 4.2 
in Chapter 4 section 4.2.3 is 1091 kg m-3 (shown in Table 0.4).  
The size of unmodified silica is measured by Beckman Coulter DelsaTM Nano Submicron 
Particle Size and Zeta Potential Analyzer and the results are shown in Table 0.2. Highly 
monodispersed samples have a polydispersity index 𝑃𝐼 ≤ 0.1 and as can be seen from 
Table 0.2, all the samples have polydispersity index much smaller than 0.1, which 
indicates that they are highly monodispersed. Knowing the density of the poly(DEA) 
layer (shown in Table 0.4) and the size of the silica core (half the diameter measured 
in Table 0.2, also shown in Table 0.4), using Equation 4.3 in Chapter 4 section 4.2.3 gives 
the dry thickness of the poly(DEA) layer, which is 52.3 nm (shown in Table 0.4).  
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Table 0.1 Absolute density measured by Micromeritics 9200 Helium Pycnometer for 
poly(DEA)-coated silica and unmodified 250 nm silica with calculated average and standard 
deviation (SD), with the experimental method described in Chapter 4 section 4.2.3.  
Run Density of poly(DEA)-coated 
silica, kg m-3 
Density of unmodified silica, 
kg m-3 
1 1648 2029 
2 1649 2026 
3 1646 2021 
4 1648 2020 
5 1650 2019 
Mean 1648 2023 
SD 1 4 
 
Table 0.2 Particle size measured by Beckman Coulter DelsaTM Nano Submicron Particle Size 
and Zeta Potential Analyzer for unmodified silica with 250 nm nominal particle size. Three runs 
were made with three samples prepared with the same batch of silica suspension. The results 
for three runs made with three samples prepared with the same batch of silica suspension are 
averaged and the standard deviation (SD) is calculated.  
Sample Diameter of unmodified silica, nm Polydispersity index 
1 249.9 0.049 
2 250.1 0.006 
3 255.4 0.045 
Mean 251.8 0.033 
SD 3.1 0.024 
 
The measurements of the particle size of poly(DEA)-coated silica in water at different 
pH are shown in Table 0.3. The poly(DEA)-coated silica particles were characterised 
using the Malvern Nanosight LM10 instead as DelsaTM Nano could not measure the 
shell thickness properly. The light scattering method failed possibly because it 
assumes homogeneity of the particle and therefore a single refractive index is used (in 
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this case refractive index of silica) and it is not appropriate for a core-shell particle. 
The changes in particle size with pH indicate that the poly(DEA) shell expands as pH 
decreases from 7 to 4. The expansion is caused by the repulsive force between 
poly(DEA) brushes when the pH is below 7. Measurements were made up to pH 7 
above which point the particles starts to aggregate. The expansion of poly(DEA) shell 
in water leads to very high effective concentrations, which have been calculated using 
the method described in Chapter 4 section 4.2.4 and are shown in Table 0.6. The 
expanded poly(DEA) layer could cause strong acoustic interactions (as its physical 
properties might change with volume) and therefore it is possible to use ultrasound 
to pick up the change in thickness due to pH change. The density and thickness of the 
polymer layer of the poly(DEA)-coated silica are calculated using the methods 
described in Chapter 4 section 4.2.3 and are shown in Table 0.4, along with the density 
and thickness of the silica core as well as the whole particle. The dry and hydrodynamic 
diameters of the poly(DEA)-coated silica are compared in Table 0.5 and the ratios of 
wet/dry diameter for each pH are determined to calculate the hydrodynamic 
concentrations (see Table 0.6) using the method described in Chapter 4 section 4.2.4.  
Table 0.3 Particle size measured by Malvern Nanosight LM10 for poly(DEA)-coated silica 
dispersed in water at different pH.  The results for six runs made with six samples prepared 
with the same batch of poly(DEA)-coated silica suspension (four batches for four different pH 
values in total) are averaged and the standard deviation (SD) is calculated.  
Run  Diameter at 
pH 4, nm  
Diameter at 
pH 5, nm  
Diameter at 
pH 6, nm 
Diameter 
at pH 7, nm 
1 761.7 775.4 552.2 597.3 
2 746.7 779.9 677.9 596.5 
3 751.3 614.5 753.7 579.7 
4 725.5 634.0 686.4 624.7 
5 784.2 723.1 753.2 550.2 
6 848.0 647.6 680.4 619.2 
Average 769.6 695.8 684.0 594.6 
SD 43.0 73.4 73.6 27.3 
Chapter 5 Results and discussion 109 
 
 
 
Table 0.4 Calculated/measured density and thickness of whole poly(DEA)-coated silica and its 
silica core and poly(DEA) layer, using the methods described in Chapter 4 section 4.2.3.  
Substance Density, kg m-3 Dry thickness, nm 
Poly(DEA) coated silica 1648 178.2 
Silica core 2023 125.9 
Poly(DEA) layer 1091 52.3 
 
Table 0.5 Calculated diameter of dry poly(DEA)-coated silica particles and the measured 
diameters of them dispersed in water at different pH by Malvern Nanosight LM10. The ratio 
of wet/dry diameter is determined for calculation of hydrodynamic concentrations.  
pH Dry diameter, nm Hydrodynamic diameter, nm Ratio of wet/dry diameter 
4 356.4 769.6 2.2 
5 356.4 695.8 2.0 
6 356.4 684.0 1.9 
7 356.4 594.6 1.7 
 
Table 0.6 Hydrodynamic concentration of poly(DEA)-coated silica suspensions at different pH, 
calculated from dry volumetric concentration, using the methods described in Chapter 4 
section 4.2.4.  
Dry 
concentration, % 
Hydrodynamic 
concentration 
at pH 4, % 
Hydrodynamic 
concentration 
at pH 5, % 
Hydrodynamic 
concentration 
at pH 6, % 
Hydrodynamic 
concentration 
at pH 7, % 
8.29 47.63 40.19 38.97 29.55 
5.00 34.62 28.12 27.10 19.63 
3.00 23.73 18.69 17.93 12.55 
2.00 17.03 13.17 12.60 8.65 
1.00 9.22 6.98 6.66 4.48 
0.50 4.81 3.60 3.43 2.28 
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5.3 Results for experiments on ultrasonic spectroscopy for 
core-shell nano-particle suspensions  
5.3.1 Ultrasonic response of 250 nm silica modified with poly(DEA) brushes 
in acidic water: sound speed and frequency domain response  
Ultrasonic spectroscopy measurements were made on samples of modified and 
unmodified silica particles in water using the Pulser-Receiver method described in 
Chapter 4 section 4.3.2. An example of the received signal through triplicate samples 
and water is shown in Figure 0.2. This is a set of data comparing the wave signals for 
de-ionized water and three samples of poly(DEA)-coated silica suspensions with the 
same concentration (10% by weight) at pH 6 with a pair of 10 MHz transducers. By 
comparison, a difference between water and the three samples can be seen in both 
the amplitude and the first arrival time. The smaller amplitudes of the waves in the 
samples indicate that the sound wave is more attenuated in the samples than water. 
Also, the waves travelling through the three samples have an earlier arrival time than 
that in pure water. Considering that temperature can cause a variation in sound speed, 
the ultrasonic measurements were made with temperature control (25.0±0.5 °C) using 
a water bath. The pathlength is fixed for all measurements, as stated in Chapter 4 
section 4.3.2. With a negligible temperature effect, it can be concluded that the speed 
of sound in these samples is higher than in pure water. The difference in samples 
themselves is very small, and this shows a very good reproducibility in these samples.  
 
Figure 0.2 Received ultrasonic waveforms for deionised water reference and 
poly(DEA)-coated silica suspension samples at pH 6 with 10 MHz transducers at 25 °C.  
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The speeds of sound in both water and the samples have been calculated and are 
shown in Table 0.7. The speed of sound in water is 1498.0 m s-1 at this temperature. 
Although it can be seen there is a significant difference between water and the 
samples at the 95% confidence level, e.g. (|𝑡| = 23.316 > 4.303) between water and 
samples at pH 4 with 5 MHz transducers, there is no significant difference in the speed 
of sound between samples at different pHs, e.g. (|𝑡| = 1.816 < 2.571) between pH 4 
and 5 with 10 MHz transducers. Also, the results with different pairs of transducers 
show no significant frequency dependence, e.g. (|𝑡| = 0.189 < 2.571) between 5 and 
10 MHz at pH 4. Some differences fall outside the standard deviation but there is not 
a monotonic trend across pH and the increases or decreases are different at different 
frequencies. They do not look like systematic trends, but rather random errors. The 
variation of sound velocity in water with temperature is ±3 m s-1 per degree and 
therefore the differences between different pH due to temperature variation may be 
of the order of 3 m s-1. The way the transducers fitted into the cell is possibly also 
causing errors in the ultrasonic measurements, due to the variation in pathlength or 
the misalignment of the transducer pairs. It is also possible that the pH conditions of 
the poly(DEA)-coated silica suspensions are affecting the measurements. Sound 
velocity in water has been previously reported to be affected by the ionic strength [15]. 
With all the potential causes of errors discussed above, these data are inconclusive 
and therefore the Pulser-Receiver system is not able to detect a change in sound speed 
at different pH or frequency.  
Table 0.7 Sound speed in m s-1 for poly(DEA)-coated silica suspensions at pH 4, 5 and 6 with 
pairs of transducers with centre frequencies of 1 MHz, 5 MHz, 10 MHz and 15 MHz at 25 °C, 
calculated using the arrival time of the signal (with the method described in Chapter 4 
section 4.3.2).  
pH Transducer centre frequency 
1 MHz  5 MHz  10 MHz  15 MHz  
4 1519.2±2.5 1515.5±1.3 1515.7±1.3 1511.7±0.6 
5 1516.3±1.1 1517.1±0.8 1518.6±1.2 1516.3±1.6 
6 1521.9±2.5 1518.4±7.6 1514.3±4.3 1510.4±0 
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Using Fast Fourier Transform, a spectrum in the frequency domain can be produced 
using the original time domain data, as can be seen in Figure 0.3. The reproducibility is 
very good. The plots are the absolute value of the Fourier transform. The overall shape 
of the frequency domain response is largely due to the transducer response profile, 
combined with the response of the medium (water reference or samples). Comparison 
of response through the sample with that in water shows the attenuation in the 
sample compared with water. If the sample response is lower than in water, then the 
sample is more attenuating than water at that frequency. This is expected in all cases 
for these samples. By averaging the frequency domain data of the three samples, a 
single set of data were obtained for each pH. This allows the comparison of the 
frequency domain spectra for the samples at different pH and water.  
 
Figure 0.3 Frequency-domain ultrasonic signal produced by Fast Fourier Transform using the 
time-domain ultrasonic signal, for water reference and three poly(DEA)-coated silica samples 
at pH 6 with 10 MHz transducers at 25 °C.  
The frequency-domain ultrasonic measurements for 10%wt poly(DEA)-coated silica 
suspension samples are compared with those obtained from a suspension made with 
unmodified silica at the same concentration (by weight), and a water reference (see 
Figure 0.4). Four plots are produced using the data collected using four pairs of 
transducers with different centre frequencies (1, 5, 10 and 15 MHz).  
The results for 1 MHz transducers are shown in Figure 0.4 (a). It is difficult to distinguish 
between the samples and water, while between the samples and unmodified silica 
suspension there is a slight difference. Very small difference is observed between the 
samples at different pH. As shown in Figure 0.4 (b), with 5 MHz transducers, the 
difference between the suspensions and water is very small and so is that as pH varies. 
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Although there are differences at different pH, they are small and not monotonic with 
pH. As a result, it is difficult to know whether or not the attenuation is pH-dependent 
from these plots. The plot for unmodified silica suspension demonstrates a much 
lower curve than water or any sample of the poly(DEA)-coated silica suspension. This 
indicates that unmodified silica suspension is more attenuating than water and 
poly(DEA)-coated silica suspension. In this case, it seems that the modified silica 
particles are behaving more like water when they are suspended in water. But there 
is no evidence of monotonic changes of ultrasonic characteristics in the 
poly(DEA)-coated silica suspension with pH. As the poly(DEA)-coated silica 
suspensions were prepared using the same weight concentration, the number density 
of particles did not change when pH was adjusted. However, the volume fraction of 
particles did change due to volumetric change of the poly(DEA) layer with pH.  
Figure 0.4 (c) shows that with 10 MHz transducers, there is a great difference between 
the samples and water, as well as between samples at different pH. Some differences 
between samples and unmodified silica suspensions are also observed. For the 
poly(DEA)-modified silica, the change in the ultrasonic signal with pH is again not 
monotonic. This could be because as the pH is increased, the polymer brushes on the 
particle surface contract and therefore the polymer layer becomes more densely 
packed. As a result, the polymer layer becomes more scattering due to a greater 
contrast with water and therefore an increase in attenuation is expected. But at the 
same time, the overall particle size (see Table 0.3) is reduced as the polymer contracts, 
which may be expected to reduce attenuation, if the polymer shell properties 
remained unchanged. The response to this centre frequency shows that the 
poly(DEA)-coated silica seems to behave more like unmodified silica in water. The 
results for 15 MHz transducers show some difference between samples and water, as 
well as between samples and unmodified suspension. as illustrated in Figure 0.4 (d). 
The sound wave is more attenuated in the unmodified silica suspension than in the 
modified silica samples or in water. Similar to measurements made with 1 MHz 
transducers, the poly(DEA)-coated silica is more like water in terms of its ultrasonic 
response (the curve for water lies under the curve for modified silica at pH 5).  
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Figure 0.4 Frequency-domain ultrasonic signal for water reference, 10%wt unmodified silicia 
suspension and 10%wt poly(DEA)-coated silica suspension samples at different pH with 1 MHz 
(a), 5 MHz (b), 10 MHz (c) and 15 MHz (d) transducers after averaging on samples at 25 °C.  
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The comparison in Figure 0.4 shows that the poly(DEA) brush layer causes a difference 
in the ultrasonic response of the silica modified with it. However, due to similarity of 
the physical properties (e.g. density) of the poly(DEA) brushes to those of water, the 
overall ultrasonic behaviour of the modified silica is similar to water. For example, the 
ultrasonic attenuation in poly(DEA)-coated silica was too similar to that of water, and 
as a result, accurate attenuation spectra could not be produced by this method. The 
experimental error is too high to discriminate between samples and water. In spite of 
the presence of the particles, the sound speed and attenuation appear to be very close 
to water at all pH and frequency. No monotonic change with pH is detected for the 
poly(DEA)-coated silica suspension. The ultrasonic attenuation technique used here is 
insufficiently sensitive to distinguish the changes in the polymer shell due to pH 
variation.  The factors affecting these measurement challenges are:  
• the errors due to the experimental setup, including the variation in temperature 
due to the use of the water bath, and the slight variation in the pathlength in the 
sample cell as well as possible transducer misalignment (which could cause 
significant errors in the measurements);  
• the complex interactions of the particles, e.g. aggregation as pH increases. As pH 
was increased by adding sodium hydroxide, there would be some local aggregation 
where instantaneous pH was above 7, before the sodium hydroxide was 
completely dispersed and dissolved in the suspension. Thus, the local existence of 
the ‘big particles’, will result in higher sound attenuation as the pH approaches 7. 
The ionic strength of the suspension is also a factor as sound velocity can be 
significantly affected by the ions present in suspensions [15];  
• the contrast between the effect of the polymer coating and size change of the 
whole particle. At a lower pH, the polymer coating swells and becomes more like 
water in terms of its physical properties, but the overall particle size is larger (and 
therefore with a predicted increased attenuation). As pH increases, it contracts and 
becomes a more scattering layer (as its properties become more different from 
water) causing more sound attenuation, while the overall particle size is reduced, 
resulting in a decrease in sound attenuation. These competing effects suggest that 
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the overall attenuation changes with pH may be rather small and therefore difficult 
to detect.  
5.3.2 Velocity of sound in poly(DEA)-coated silica suspension: experimental 
results  
The preliminary Pulse-Receive measurements indicated that significantly higher 
accuracy was required to detect the changes in the polymer shell. Therefore, a further 
experimental investigation was completed using highly accurate speed of sound 
measurements (±0.01 m s-1) using a resonance method, with very precise temperature 
control (±0.05 °C) using the ResoscanTM (see Chapter 4 section 4.3.4). The 
measurements do not provide spectral information, since measurements are made 
within a narrow frequency band.  
The velocity of sound in poly(DEA)-coated silica suspensions (four samples pre-
dispersed at pH 4, 5, 6 and 7 respectively) was measured by ResoscanTM as they were 
diluted (initial volumetric concentration 8.29%). The details of sample preparation and 
the measurements with concentration dilution are provided in Chapter 4 sections 
4.3.3 and 4.3.4. The results of velocity of sound are plotted against pH at the initial dry 
concentration by volume 8.29% and compared with the measured velocity of the 
suspending phase (the pH-adjusted liquid surrounding the particles) as well as the 
water reference, as shown in Figure 0.5. The plot for poly(DEA)-coated silica shows 
that there is slight decrease in the velocity of sound as pH increases from 4 to 6, but a 
much larger increase in velocity between pH 6 and 7, which indicates significant 
changes in the physical properties in the poly(DEA) shell. It is unexpected that the 
trend is not monotonic. Although the competing trends with particle size and the shell 
property contrast with water may cause this effect (as discussed in the last section), 
the experimental data were also carried out at a constant dry volumetric 
concentration, which is not the actual concentration when the poly(DEA)-coated silica 
particles are dispersed in water. This can be considered as a comparison at a fixed 
number density (can be easily calculated using the dry concentration by volume and 
the density of dry poly(DEA)-coated silica), but the effective concentration by volume 
changes as the polymer shell expands and contracts with pH changes. It can be seen 
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that the velocity of sound in poly(DEA)-coated silica suspension is significantly higher 
than that in water or in unmodified silica suspension at 95% confidence level, e.g. 
(|𝑡| = 3034 > 1.960) between poly(DEA)-coated silica suspension and water, and 
(|𝑡| = 2840 > 1.960) between poly(DEA)-coated silica suspension and unmodified 
silica suspension. This indicates that the poly(DEA) layer is detected by the ResoscanTM 
device.  
 
Figure 0.5 Velocity of sound in 8.29%vol poly(DEA)-coated silica in water at different pH, the 
suspending phase, 250 nm bare silica suspension at the same concentration (independent of 
pH) and de-ionised water (also independent of pH), measured by ResoscanTM with 
temperature controlled at 25 °C.  
The plot for the suspending phase demonstrates a similar trend but the decrease in 
velocity from pH 4 to 6 is somewhat more dramatic. By comparing with the water 
reference, it can be concluded that the suspending phase of the poly(DEA)-coated 
silica has a significantly different velocity of sound than water, e.g. |𝑡| = 1922 >
1.960 between suspending liquid and water. This could be partially caused by the ions 
present in the suspending phase as the poly(DEA)-coated silica particles were 
dispersed in acidic condition. The effect of electrolyte on sound velocity has been 
known for a long time. For example, the velocity of sound in water at 25 °C can be 
changed from 1498 m s-1 to 1509 m s-1 with 1 M concentration of HCl, as reported [15]. 
Such changes are seen here comparing the velocity of sound in the suspending phase 
with that in water. However, the results of the velocity of sound in the 
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polymer-modified silica suspensions show changes with pH beyond those seen in the 
suspending phase alone. This implies that the measurement of sound velocity can 
detect changes in the polymer layer. The reason why the polymer layer could not be 
detected by the pulse-receiver system could be: (a) aggregation of particles as pH was 
adjusted between measurements, and sample pH was pre-adjusted for ResoscanTM 
measurements, (b) poor dispersion or poor polymer coating for the Pulser-Receiver 
batches. The fact that the velocity of sound in the suspending liquid is significantly 
different from that in pure water will cause errors in the predicted results using the 
core-shell model if the sound velocity of pure water is used for the suspending phase.  
The effective concentration for the poly(DEA)-coated silica suspensions has been 
calculated using the density and particle size measured (the calculation method is 
provided in Chapter 4 section 4.2.4. The velocity of sound in poly(DEA)-coated silica 
suspension between different pH is plotted against the hydrodynamic concentration 
in Figure 0.6, to study the concentration dependence at different pH. The velocity of 
sound is shown to decrease with decreasing concentration at all pH values, 
approaching the velocity of pure water at lowest concentration. It can also be seen 
that the change in velocity with volumetric concentration is more dramatic at higher 
pH than lower pH. The difference between different pH can be observed from the 
plots in the concentration range of approximately 5%vol to 30%vol, where the velocity 
of sound increases with the pH at a constant volumetric concentration. This could be 
explained by two factors. Firstly, the particle size decreases as the pH increases (as the 
particle sizing result show in Table 0.5) and the velocity of sound is therefore expected 
to decrease. However, at the same time, at lower pH the expanded poly(DEA) shell 
behaves more like a liquid in water, while at higher pH the polymer layer contracts 
and becomes more densely packed and therefore overall the whole particle is more 
like a solid. The velocity of sound is therefore expected to increase with pH. The 
difference in velocity of sound at different pH is the combined result of the above two 
factors. It can also be seen that the rate of change of velocity with pH is much smaller 
between 5 and 6 than between 4 and 7 as well as between 6 and 7. This indicates that 
the change in the poly(DEA) shell is possibly not linear as pH changes. But this could 
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also be caused by the balance of the effects of overall size and change in polymer 
properties as discussed earlier.  
 
Figure 0.6 Velocity of sound in poly(DEA)-coated silica in water at different pH (4, 5, 6 and 7) 
measured by ResoscanTM plotted against volumetric concentration corrected by the method 
described in Chapter 4 section 4.2.4.  
5.3.2 Velocity of sound in poly(DEA)-coated silica suspension: comparison 
with model predictions  
The experimental data collected with ResoscanTM was compared with velocity of 
sound predicted by scattering models using the Ultra-ScattererTM, a Felix ALBA 
Consultants Inc. software. Selected models included single scattering Anson and 
Chivers model, and multiple scattering model by Lloyd and Berry (see Chapter 2 
sections 2.5.8 and 2.7 for model details). In the calculations, the Anson and Chivers 
model uses the scattering coefficients for the individual particles calculated using the 
core-shell model of Anson and Chivers, combined with the single-scattering effective 
wavenumber in the Foldy [29] for speed and attenuation. The Lloyd Berry model 
calculates the speed and attenuation with a multiple scattering approach using the 
scattering coefficients for single particles calculated by the Anson and Chivers model. 
The model simulations were performed using with the physical properties of 
poly(DEA)-coated silica and water shown in Table 0.8 and a fixed core radius of 125.9 
nm (see Table 0.2) and a varied shell thickness for each pH shown in Table 0.9. For the 
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simulations to compare with experimental results, only a mean particle size is used 
instead of a full PSD. It should also be noted that the physical properties of the 
poly(DEA) shell is assumed to be the same as water from Challis et al. [6] except the 
density and viscosity. The densities of the silica core and the poly(DEA) shell (see Table 
0.4) were characterised by the method described in Chapter 4 section 4.2.3. The 
viscosity of the polymer layer is assumed to be 4 Pa s; the viscosity of the poly(DEA) 
brushes has been reported to be in the range of approximately 0 to 8 Pa s at pH 4 to 
7 [47]. The rest of the physical properties (for silica and water) are adapted from 
Challis et al. [6]. The ResoscanTM operates in the frequency range of 7 to 8.5 MHz and 
most measurements were made at around 8 MHz so a single frequency of 8 MHz was 
chosen for the model simulations for comparison, with a constant temperature of 
25 °C, over a volumetric concentration range of 0.1 to 50.0%. The operating frequency 
of the ResoscanTM is determined by the actual velocity of sound because it searches 
for the resonance within a narrow frequency band.  
Sensitivity predictions were run with the parameters shown in Table 0.8 to investigate 
the effects of shell thickness (50-250 nm), particle size geometric standard deviation 
(1.0-1.5), density (997-2500 kg m-3) and viscosity (0.000891-8.91 Pa s) of the shell on 
the velocity of sound in the poly(DEA)-coated silica suspensions, for the three models. 
Geometric standard deviation (GSD) here represents the width of a PSD, i.e. GSD 1.0 
means no spread and the PSD spreads more widely as GSD increases. The software 
uses a log-normal particle size distribution on particle radius and particles are assumed 
to be spherical. Also, when GSD is adjusted in the software, it changes the core size 
and uses a fixed shell thickness. A frequency of 8 MHz, a core radius of 125 nm, shell 
thickness of 125 nm (except for shell thickness effect study), a geometric standard 
deviation of 1.0 (except for geometric standard deviation study) and a volumetric 
concentration of 10% were selected for the comparison of the three models. Here, the 
Anson and Chivers model uses the scattering coefficients for the individual particles 
calculated using the core-shell model of Anson and Chivers, combined with the single-
scattering effective wavenumber by Foldy from [29] for speed and attenuation 
(referred to as AC single scattering in the following sections). The Lloyd Berry model 
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here uses the AC scattering coefficient to calculate the velocity of sound using the LB 
multiple scattering approach (referred to as AC/LB in the following sections).  
Table 0.8 Physical properties of poly(DEA)-coated silica and water used in the simulations. 
 Core Shell Continuous 
phase 
Substance  Silica Poly(DEA) Water 
Phase  Solid Liquid Liquid 
Sound velocity, m s-1  5968 1497 1497 
Density, kg m-3  2023 1091 997 
Shear modulus, GPa  30.9 - - 
Shear viscosity, Pa s  - 4 0.000891 
Thermal conductivity, J m-1 s-1 K-1  1.6 0.595 0.595 
Specific heat capacity, J kg-1 K-1  729 4179 4179 
Thermal expansivity, K-1  1.35x10-6 0.00021 0.00021 
Attenuation factor, Np m-1 MHz-2  2.6x10-10 0.023 0.023 
 
Table 0.9 Core size and shell thickness of poly(DEA)-coated silica in water at different pH.  
pH Core thickness (radius), nm Shell thickness, nm 
4 125.9 258.88 
5 125.9 221.98 
6 125.9 216.08 
7 125.9 171.40 
 
As can be seen from Figure 0.7, the single scattering AC is almost indistinguishable 
from the multiple scattering AC/LB when the shell thickness or density changes over 
the range investigated, while the AC/LB prediction diverges dramatically from the 
single scattering AC when GSD increases from 1.0 to 1.5 (i.e. width of particle size 
distribution increases) and there is also slight increasing difference between predicted 
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velocity results by the single scattering AC and multiple scattering AC/LB when the 
shell viscosity is increased over approximately 4 Pa s.  
As shown in Figure 0.7 (a), the velocity of sound results predicted by both models 
increase with the shell thickness in the range of approximately 50 to 125 nm, although 
the change is only approximately 2 m s-1 in total. This is similar to a particle without a 
shell, e.g. when its particle size increases, the speed of sound increases in general at 
the same volumetric concentration. Also, the shell is more like water when shell size 
increases in reality. But this effect has not been included in the simulations, as 
constant physical properties of the shell are used throughout the simulations. A very 
small difference between the two models is observed over the whole shell thickness 
range investigated here. It seems that the effect of acoustic multiple scattering is not 
strong for the concentration selected for this comparison (10% by volume). Above a 
shell thickness of approximately 125 nm (corresponding to a ratio of core radius to 
overall particle radius 𝑟𝑐/𝑟𝑠 = 0.5), the predicted velocity stays constant. The models 
seem to predict a constant velocity when the ratio of core radius to overall particle 
radius satisfies 𝑟𝑐/𝑟𝑠 ≤ 0.5. This indicates that the change in shell thickness can only 
be detected using velocity of sound measurement when the shell is thinner than the 
core.  
Figure 0.7 (b) shows that the geometric standard deviation of particle size has much 
more significant effects on the multiple scattering model (AC/LB) than the single 
scattering AC. As the geometric deviation increases, the velocity of sound predicted 
by the AC/LB model decreases while the change in velocity predicted by single 
scattering AC is negligible. This indicates that if the particles have a higher GSD (wider 
spread of particle size distribution), prediction by the AC/LB model using the mean 
size will over-predict the velocity of sound. As the geometric deviations of particle 
sizes measured experimentally for the suspensions are all less than 1.1, the error in 
the prediction of sound velocity is negligible and also the measurements are more 
affected by the shell change rather particle size distribution. It is therefore easier to 
detect the changes in shell without being affected by variation in size.  
As demonstrated in Figure 0.7 (c), the velocities of sound predicted by both models 
seem to decrease dramatically with increased density and there is negligible 
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difference between the two models. The density of the shell has significant effect on 
the velocity of sound prediction by either model, e.g. the models will under-predict 
the sound velocity if the density of shell assumed is larger than the actual density.  
Figure 0.7 (d) shows only negligible differences between the two models, and also 
negligible changes in velocity predicted by both models when the viscosity is smaller 
(i.e. lower than 1 Pa s). An increase in velocity of sound is seen when the shell viscosity 
increases from 1 to 10 Pa s. This means that if the shell is assumed to have a similar 
viscosity to water (0.000891 Pa s) but it is actually a much more viscous material (with 
a viscosity over 1 Pa s), the prediction by either model will under-predict the velocity 
of sound. The divergence between the single scattering AC and AC/LB also increases 
slightly in this viscosity range, which is unexpected.  
  
  
Figure 0.7 Model simulations of velocity of sound in poly(DEA)-coated silica suspensions with 
a frequency of 8.0 MHz, a core thickness of 125 nm, a shell thickness of 125 nm (except for 
shell thickness effect study) and a volumetric concentration of 10%, to study the effect of shell 
thickness (a), geometric standard deviation (b), shell density (c), and shell viscosity (d).  
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Overall, the shell thickness has slight effect on the velocity of sound prediction by 
either single scattering AC and multiple scattering AC/LB when 𝑟𝑐/𝑟𝑠 ≥ 0.5 and GSD 
has significant effect on the AC/LB model for a GSD>1.0. An increase in shell density 
results in a decrease in velocity of sound predicted by either model, and an increase 
in viscosity results in an increase in velocity of sound predicted.  
The fact that the velocity of sound in the suspending liquid is significantly different 
from that in pure water will cause errors in the predicted results using the core-shell 
model if the velocity of sound in pure water is used for the suspending phase. Thus, 
the results of the velocity of sound measurement on the suspending liquid at initial 
volumetric concentration are used in the simulation to predict the velocity of sound 
in poly(DEA)-coated silica suspensions at different pH. As the suspensions of 
poly(DEA)-coated silica (at pH 4, 5, 6 and 7) were diluted with acidic water at the same 
pH, the velocity of the suspending liquids need to be calculated for each concentration. 
Knowing the velocities of sound in poly(DEA)-coated silica suspension at initial 
volumetric concentration at different pH and assuming that velocity of sound in 
poly(DEA)-coated silica suspension when it is infinitely dilute is approximately the 
same as that in pure water, equations can be determined to relate the velocity of 
sound in the suspending liquid at different pH to the volumetric concentration of 
poly(DEA)-coated silica suspensions, as shown in Table 0.10.  
The velocity of sound results measured by ResoscanTM are compared with prediction 
by scattering models, including single scattering Anson and Chivers model, and 
multiple scattering model by Lloyd and Berry using the scattering coefficient 
calculated by Anson and Chivers model, as shown in Figure 0.8. In the simulation, the 
velocity of sound in the suspending phase (water) is calculated by using the equations 
in Table 0.10.  
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Table 0.10 Velocity of sound in the suspending phase at initial volumetric concentration and 
when it is infinitely dilute and equations describing the relationship between sound velocity 
in the suspending phase 𝑐  and volumetric concentration of poly(DEA)-coated silica 
suspensions 𝜙 at pH 4, 5, 6 and 7.  
pH Sound velocity 
in suspending 
phase at initial 
volumetric 
concentration 
Sound velocity 
in suspending 
phase when it 
is infinitely 
dilute 
Equations describing the 
Relationship between velocity of 
sound in the suspending phase and 
the volumetric concentration of 
poly(DEA)-coated silica suspension 
4 1516 1497 𝑐 = 0.40 × 𝜙 + 1497 
5 1509 1497 𝑐 = 0.30 × 𝜙 + 1497 
6 1507 1497 𝑐 = 0.27 × 𝜙 + 1497 
7 1528 1497 𝑐 = 1.03 × 𝜙 + 1497 
 
The comparison of velocity spectra between experimental data and models over the 
concentration range is shown in four plots for different pH values, as shown in Figure 
0.8. The results are discussed from small pH moving forwards to higher values. It 
should be noted that particle size decreases as pH is increased for poly(DEA)-coated 
silica in acidic water.  
The experimental data in all the plots show that ultrasound velocity increases with 
concentration in poly(DEA)-coated silica suspensions over the pH range of 4 to 7. The 
predictions by the two scattering models have very negligible difference, even at 
higher concentrations. As can be seen in Figure 0.8 (a), at pH 4 the predictions by the 
models agree with the measured velocity up to a concentration of approximately 20%, 
above which the experimental data diverge significantly from the predicted results by 
the models towards higher concentration. Similarly, at pH 5, 6 and 7 (Figure 0.8 (b), (c) 
and (d)) the models seem to give a better prediction of the velocity of sound at lower 
concentration (<10%) and diverge dramatically from the measurements in the higher 
concentration region. Again, the difference between two models is negligible over the 
whole concentration range. Neither of the models seems to give good prediction on 
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the velocity of sound in poly(DEA)-coated silica suspensions at higher concentration. 
It is possible that in the higher concentration region, the inter-particle distance is 
reduced to a scale where the thermal/shear waves overlap occurs, and therefore not 
only the compressional mode (which was included in the LB model) but also 
thermal/shear effects should be included in the multiple scattering calculation. Thus, 
a combined multiple scattering/core-shell model, which calculates the 
velocity/attenuation of sound with a multiple scattering approach incorporating the 
thermal or shear effects, using the coefficients of a core-shell model, could improve 
the prediction on the velocity of sound.  
  
  
Figure 0.8 Velocity of sound in poly(DEA)-coated silica suspensions measured by ResoscanTM, 
compared with predictions of two models, including single scattering Anson and Chivers 
model and multiple scattering Lloyd and Berry using scattering coefficient calculated by Anson 
and Chivers model, with a frequency of 8.0 MHz over the hydrodynamic concentration range 
of up to 50% at pH 4 (a), 5(b), 6(c) and 7(d).  
1495
1500
1505
1510
1515
1520
1525
1530
0 20 40 60
So
u
n
d
 v
e
lo
ci
ty
, 
m
 s
-1
Volumetric concentration, %
(a) pH4
Experimental data
AC single scattering
AC/LB
1495
1500
1505
1510
1515
1520
1525
1530
0 20 40 60
So
u
n
d
 v
e
lo
ci
ty
, 
m
 s
-1
Volumetric concentration, %
(b) pH5
1495
1500
1505
1510
1515
1520
1525
1530
0 20 40 60
So
u
n
d
 v
e
lo
ci
ty
, 
m
 s
-1
Volumetric concentration, %
(c) pH6
1490
1500
1510
1520
1530
1540
1550
0 10 20 30 40
So
u
n
d
 v
e
lo
ci
ty
, 
m
 s
-1
Volumetric concentration, %
(d) pH7
Chapter 5 Results and discussion 127 
 
 
 
The comparison between experimental data and model predictions shows a good 
agreement between the measurements and model prediction at a concentration up 
to 10% by volume. The models seem to break down at higher concentrations when 
they are used to predict the velocity of sound in poly(DEA)-coated silica suspensions, 
but they can be improved by incorporating multi-mode multiple scattering in the 
calculation of effective wavenumber. It is important to note that there are a few areas 
of uncertainties in both the simulations and the experimental measurements. Firstly, 
in the simulations only some of the physical properties have been experimentally 
characterised (e.g. the density and particle size) and the rest them have been taken 
from earlier literature (e.g. velocity of sound and thermal properties). For example, 
due to the difficulty characterising the properties of the poly(DEA) layer, they are 
either determined by calculation based on measurements or assumed the same as 
water. Also, the concentrations of poly(DEA)-coated silica have been corrected by 
calculation based on the volumetric change of these particles in acidic water and the 
particle diameter has been determined by particle sizing measurements. It is possible 
inaccuracies lie in this calculation.  
In conclusion to the investigation of poly(DEA)-coated silica particle suspensions with 
Pulser-Receiver the speeds of sound calculated for the poly(DEA)-coated silica samples 
were faster than in pure water and no particular trend in the speed at different pH 
was found. At lower frequency, there was no significant difference in the frequency 
responses between samples at different pH. A significant difference was found with 
10MHz transducers (amplitude decreased as pH increased). The small difference in 
amplitude between the suspensions and water prevented attenuation spectra being 
produced. The data analysis was limited by the limited bandwidth of the Pulser-
Receiver. Data obtained by this method were inconclusive and could be improved by 
using a more accurate ultrasonic instrument. Velocity of sound data were produced 
by ResoscanTM with higher accuracy and highly precise temperature control but only 
at a single frequency. The comparison between experimental data and model 
predictions shows a reasonably good agreement between the measurements and 
model prediction at a concentration up to 10% by volume, using either the single 
scattering AC or multiple scattering AC/LB. The models seem to break down at higher 
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concentration and they could be improved by including multi-mode multiple 
scattering in this core-shell particle in water system. There are also uncertainties of 
the physical properties of the poly(DEA) layer as it expands in acidic water resulting in 
the change in some of its properties (this could be improved by various 
characterisation techniques).  
Overall, the shell can be experimentally detected by both the Pulser-Receiver system 
and the ResoscanTM. However, the data interpretation is not perfect with either the 
single scattering AC or multiple scattering AC/LB.   
5.4 Results for experiments on ultrasonic spectroscopy for 
concentrated nano/micro-particle suspensions  
5.4.1 Concentration calculations and model simulations for concentrated 
silica suspensions  
In the previous section, poly(DEA)-coated silica core-shell particle suspensions were 
studied, with two types of ultrasonic measurements. This section focuses on 
concentrated suspensions of silica particles (without a shell), with Ultrasizer 
spectroscopy. The method used to prepare these suspensions is provided in Chapter 
4 section 4.4.2. All the concentrations mentioned in this section are volumetric 
concentrations unless otherwise stated.  
Due to the effects of water evaporation and loss of sample during experimental 
procedure (particularly during the dispersion of particles by sonication or stirring), the 
actual concentrations of the samples were different from the desired nominal 
concentrations as they were diluted for attenuation measurements. Thus, some of the 
samples withdrawn after Ultrasizer measurement were used to determine their actual 
concentrations. In order to work out the actual concentrations for all the samples, a 
plot of measured concentration versus nominal concentration was constructed and a 
line of best fit determined (see Figure 0.9). The equations describing the relationship 
between actual and nominal concentrations were then used for calculating the 
unknown actual concentrations knowing the nominal concentrations. The conversion 
factor between actual and nominal volume concentrations can be found in Table 0.11.  
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It is worth pointing out that the linear plot of actual concentration vs nominal 
concentration means that the initial concentration of each sample was higher than 
expected due to evaporation effect but as the sample was diluted there was no more 
significant loss of water during the experiments.  The actual concentration is only 
significantly lower for smallest particle size (in other cases, actual concentration is 
slightly higher than nominal concentration). This is because the suspension for 100 nm 
silica particle was pre-made by the manufacturer and therefore there was no effect of 
evaporation due to sonication but instead loss of silica particles during dilution steps 
in the measurements. 
  
  
Figure 0.9 Actual volume concentration against nominal volume concentration for silica 
particle suspensions with different nominal particle size (diameter).  
The simulation of attenuation as a function of frequency used the particle size and 
concentration of the suspensions in Table 0.11 as well as the physical properties in  
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Table 0.12. The particle size distributions (PSDs) of each set of silica particles were 
measured three times and averaged to get the mean particle sizes. The actual particle 
sizes are smaller than as they are specified except for the 100 nm sample. This could 
be that these samples were prepared from powders and sedimentation was more 
likely to occur in these suspensions while the 100 nm sample was pre-suspended by 
Nissan with very high stability. The measured size of each sample is slightly different 
from the nominal size. The samples are highly monodispersed (𝑃𝐼 ≤ 0.1) except for 
the suspensions with 1000 nm nominal particle diameter, which is moderately 
monodispersed (0.1 ≤ 𝑃𝐼 ≤ 0.2).  The nominal and actual sizes of each sample along 
with their polydispersity index (𝑃𝐼) can be found in Table 0.11. The densities of all the 
silica samples were measured and the results are shown in  
 
Table 0.12. The rest of the thermo-physical properties are adapted from Challis et al. 
[6].  
The aim of the ultrasonic spectroscopy measurements was to evaluate the accuracy 
of the multiple scattering models for concentrated suspensions of various particle 
sizes. The experimental results were compared with the multiple scattering model by 
Lloyd and Berry [3] (referred to as the “LB model” in the following discussion) and the 
new model including shear mode multiple scattering (referred to as SM model), in 
order to investigate the applicability of the new model and its advantage over the 
classic one. The models were described in Chapter 2 sections 2.5 and 2.6. The 
comparison of the two models with the experimental results at different 
concentrations is divided into four sections according to the particle size, in the 
following sections.  
Table 0.11 Particle sizes and concentrations of samples of micro/nano silica suspensions.  
Nominal particle 
diameter, nm 
Actual particle 
diameter, nm 
Polydispersity 
index (𝑃𝐼) 
Ratio of actual /nominal 
concentration 
1000 1000 0.11 1.04 
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500 430 0.02 1.04 
250 214 0.06 1.03 
100 100 0.06 0.94 
 
 
Table 0.12 Physical properties of silica and water in each sample at 25 °C.  
Substance name water silica 
Sound velocity, m s-1  1497 5968 
Density, kg m-3 997 2041, 1986, 1980, 2280* 
Shear modulus, GPa - 30.9 
Shear viscosity, Pa s  8.91x10-4 - 
Thermal conductivity, J m-1 s-1 K-1  0.595 1.6 
Heat capacity, J kg-1 K-1  4179 729 
Thermal expansivity, K-1  2.1x10-4 1.35x10-6 
Attenuation factor, Np m-1 MHz-2  0.023 2.60x10-10 
*for 1000, 500, 250, 100 nm silica respectively 
5.4.2 Sound attenuation results for silica of 1000 nm diameter  
Results of ultrasound attenuation dependent on frequency for 1000 nm diameter 
silica suspensions are shown in Figure 0.10. It can be seen that for this suspension, the 
simulation results by the two models seem to be very close in the concentration region 
up to 20.30%, where they start deviate from each other. Also, the model predictions 
seem to agree with the experimental data in this concentration range. This indicates 
that the shear scattering effects are not strong enough for these large particles to 
involve shear wave overlaps at such concentrations, and therefore the hydrodynamic 
effects included in the new SM model had no effect. Although, the results of statistic 
t-test show that the differences between the model predictions and experimental 
measurements are statistically significant in this concentration region (e.g. at lowest 
concentration at about 20 MHz, (|𝑡| = 9.813 > 2.776) between predictions using the 
LB model and the experimental measurements, and (|𝑡| = 15.792 > 2.776) between 
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predictions using the SM model and the experimental measurements) due to very 
small standard deviations of the sample means (which indicate very accurate 
measurements), the differences are considered small compared with the numerical 
values of the measured attenuation, e.g. the difference between LB prediction and 
experimental data is only about 1.8% of the measured attenuation numerically, and 
the difference between SM prediction and experimental data is only about 2.8%. 
Similar conclusions can be drawn for the following sections: although the t-test 
indicates significant differences between models and measurements, these 
differences are relatively small numerically compared with the measured or predicted 
values. The measurement standard deviation represents only the error in repeated 
measurements on the same sample. It does not account for errors in composition or 
repeatability errors in measuring the sample on a separate occasion.  
The shear wave decay length and inter-particle distance can be calculated by 
Equations 2.23 and 2.66, respectively. For example, for a frequency of 10 MHz, the 
decay length of the shear waves is about 168 nm while the inter-particle separation 
calculated at a concentration of 38.86% is about the same. Therefore, for most of the 
concentration range at 10 MHz, the shear decay length is shorter than the distance 
between particles of this size. The shear waves die off in distance between 
neighbouring particles in this sample. In the lower frequency range, the concentration 
limit will be lower as the shear wave decay length is longer. On the other hand, if the 
frequency is higher, the new model can work to higher concentrations. For 1000 nm 
particles, the inter-particle distance seems to be large enough to prevent any shear 
wave overlaps over the frequency range in this concentration region (<20.30%), as the 
SM model seems to overlay with the LB model. Both of them give very good quality 
predictions of the attenuation spectra.  
When the concentration is higher than 20.30%, both models seem to over-predict the 
attenuation in the lower frequency region and under-predict at higher frequencies 
(see Figure 0.10 (c) to (f)). By comparison in the low frequency range only (<10 MHz), 
the shear model does give a closer estimation than the LB model, specially towards 
highest concentration. This could be explained by that below 10 MHz, the shear waves 
began to overlap as decay length increases as frequency decreases, when the 
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inter-particle distance is becoming smaller as concentration increases. In conclusion, 
for these relatively large particles, LB multiple scattering model with ECAH coefficients 
works as well as the new SM model, as shear wave overlaps between neighbouring 
particles are unlikely to occur, since the particle number density is relatively low.  
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Figure 0.10 Attenuation plotted against frequency for 1000 nm nominal size silica in water at 
different concentration at 25 °C, measured experimentally by Ultrasizer and compared with 
simulation results given by the Lloyd and Berry multiple scattering (LB) and the shear model 
(SM).  
5.4.3 Sound attenuation results for silica of 500 nm diameter  
Results of ultrasound attenuation plotted against frequency for 500 nm diameter silica 
suspensions are shown in Figure 0.11. At lowest concentration, although the t-test 
shows that the models are statistically different from the experimental data (e.g. at 
lowest concentration at about 20 MHz, (|𝑡| = 73.574 > 2.776) between predictions 
using the LB model and the experimental measurements), numerically the differences 
are reasonably small compare with the measured or predicted values (e.g. difference 
between values predicted by LB and measured is only 7% of the measured value). Also, 
as shown in Figure 0.11 (a), both models give good agreement with experimental 
measurements. As concentration increases the two models start to diverge, where the 
SM model predicts a lower attenuation than the LB model. The prediction of the lower 
attenuation is due to shear to compressional (and vice versa) mode conversion in the 
SM model, which simulates the shear wave overlap mechanism effect on sound 
attenuation. Due to the re-conversion of shear wave back into compressional mode, 
the energy does not dissipate around the particles and therefore the sound 
attenuation is reduced. In the concentration range of 13.40-31.00%, shown from 
Figure 0.11 (b) to (e), the SM model gives a better prediction than LB below 50 MHz. 
The divergence between the two models grows as concentration increases. As the 
particle size of this suspension is smaller than in section 5.4.2, the inter-particle space 
is smaller at the same concentration by volume (due to higher number density) while 
the decay length of shear waves is the same (for the same frequency reference, e.g. 
10 MHz, shear wave decay length is about 168 nm). The inter-particle distance is 
approximately 521 nm at the concentration of 3.0% and it is reduced to 84 nm when 
the concentration is increased to 42.0%. As a result, there is a transition concentration 
(≥13.4% for this particle size) where neighbouring particles are on average sufficiently 
close for shear waves to influence neighbouring particles. But this only occurs at lower 
frequency where the shear wave decay length is long enough. This explains why SM 
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model works better than the LB model at 13.4-31.0% below 50 MHz (corresponds to 
a shear wave decay length of about 75 nm), where the shear wave overlaps and 
re-conversion of shear into compressional mode is considered in the SM model. Above 
50 MHz the SM model is further from the experimental data than the LB model. This 
is a region where the decay length of the shear wave becomes so small that no more 
shear interactions occur, since shear waves die off before reaching neighbouring 
particles. Thus, in this higher frequency region acoustic-only multiple scattering 
remains valid and the SM model is expected to converge to the LB model. However, 
the results show that the SM model is persistently below the LB model under the 
conditions investigated here. This suggests that the SM model does not account 
sufficiently for the reduction in shear interactions as the frequency increases and the 
model should approach the LB model towards higher frequency.  
It is observed that at higher concentration (>20%), the predicted attenuation spectra 
have different curvatures from the experimental data, where the SM model has a 
closer match to the experimental results. It could be that this is a concentration region 
where both models do not give good predictions. One potential cause of this 
unexpected performance is the hydrodynamics of the sample in the test cell during 
the measurement. The agitator speed used might have been not high enough to keep 
the particles completely suspended in the sample and therefore sedimentation 
occurred resulting in a concentration fluctuation in the sample. This could be verified 
by conducting attenuation measurements at different agitator speeds. It could also be 
that the model has some particle size, concentration or frequency region where it 
cannot be used to give a correct prediction.  
Overall, the SM model agrees better with experimental measurements at lower 
frequency, higher concentration but LB model better at higher frequency. Both 
models show great differences from experimental data at the highest concentration.  
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Figure 0.11 Attenuation plotted against frequency for 500 nm nominal size silica in water at 
different concentration at 25 °C, measured experimentally by Ultrasizer and compared with 
simulation results given by the Lloyd and Berry multiple scattering (LB) and the shear model 
(SM).  
0
400
800
1200
1600
0 50 100
A
tt
e
n
u
at
io
n
, N
p
 m
-1
Frequency, MHz
(a) 6.13%
Experimental data
LB model
SM model
0
500
1000
1500
2000
2500
0 50 100
A
tt
e
n
u
at
io
n
, N
p
 m
-1
Frequency, MHz
(b) 13.40%
0
500
1000
1500
2000
2500
3000
3500
0 50 100
A
tt
e
n
u
at
io
n
, N
p
 m
-1
Frequency, MHz
(c) 19.40%
0
500
1000
1500
2000
2500
3000
3500
4000
4500
0 50 100
A
tt
e
n
u
at
io
n
, N
p
 m
-1
Frequency, MHz
(d) 25.90%
0
1000
2000
3000
4000
5000
6000
0 50 100
A
tt
e
n
u
at
io
n
, N
p
 m
-1
Frequency, MHz
(e) 31.00%
0
1000
2000
3000
4000
5000
6000
7000
0 50 100
A
tt
e
n
u
at
io
n
, N
p
 m
-1
Frequency, MHz
(f) 39.00%
Chapter 5 Results and discussion 137 
 
 
 
5.4.4 Sound attenuation results for silica of 250 nm diameter  
Results of ultrasound attenuation plotted against frequency for 250 nm diameter silica 
suspensions are shown in Figure 0.12. At the lowest concentration 6.2%, the two 
models give very close predictions and both are in good agreement with the 
experimental data up to 20 MHz or so. As concentration increases, the SM model 
starts to diverge from the LB model due to shear effects. A similar trend of the 
simulation curves to the 500 nm sample is expected for this sample while the 
transition concentration (when decay length is close to inter-particle separation) is 
lower than in the 500 nm sample – here it is about 12.75% because of the smaller 
particle size of this sample. At higher concentrations (>12.75%, as shown in Figure 0.12 
(b) to (d)), the SM model gives a better prediction up to about 20 MHz. The shear 
effects get stronger as concentration increases due to the reduction of space between 
neighbouring particles when the decay length of the shear wave in a certain frequency 
range (<20 MHz approximately here) is large enough to cause shear wave overlap, i.e. 
the inter-particle separation is about 123 nm at 12.75% and is decreased to 90 nm at 
19.65% while the shear wave decay length is about 119 nm at frequency 20 MHz. 
Above this frequency, the decay length of the shear waves is too small for them to 
propagate to the neighbouring particles. No shear effects need to be considered in 
this region. The SM model should again converge to the LB model theoretically. Here 
the effect of concentration is exaggerated as the particle size is smaller. The SM model 
seems to work better at low frequencies, while LB does better at high frequencies. The 
SM model is expected to approach LB model more rapidly as frequency increases.  
It should be mentioned here that the initial concentration of this suspension was only 
half of those at 500 nm and 1000 nm. The divergence of the two models might 
continue if the concentration was raised to higher than 19.65%. The simulation curves 
given by the two models are expected to behave similarly to the 500 nm suspension.  
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Figure 0.12 Attenuation plotted against frequency for 250 nm nominal size silica in water at 
different concentration at 25 °C, measured experimentally by Ultrasizer and compared with 
simulation results given by the Lloyd and Berry multiple scattering (LB) and the shear model 
(SM).  
5.4.5 Sound attenuation results for silica of 100 nm diameter  
Results of ultrasound attenuation plotted against frequency for 100 nm diameter silica 
suspensions are shown in Figure 0.13. The plots show divergence of the SM model 
from the LB model in the concentration and frequency range reported here. This 
indicates that for this particle size, shear wave multiple scattering is strong even at the 
lowest concentrations. And this effect is stronger as concentration increases, as the 
difference between SM model and LB model becomes larger with concentration. Also, 
over the concentration investigated, the SM model agrees better with the 
experimental data. There is excellent agreement between SM model and 
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experimental data up to 20 MHz, above which frequency the SM model seems to 
over-predict the attenuation at highest concentration (16.47%). This sample is a good 
illustration of how the classic model breaks down at small size and high concentration 
under the effects of shear wave overlap. It is very clear for this particle size that the 
shear scattering effects become stronger as concentration increases. The 
inter-particle distance for this sample is about 72 nm at 6.75% and is reduced to 35 nm 
as concentration is increased to 16.47%, while the shear wave decay length is about 
119 nm at a frequency of 20 MHz. Thus, the concentration range in which the classical 
model is valid is very small. The shear wave decay length here is larger than the inter-
particle separation at all the concentrations included here. This is because of the 
smaller particle size of this sample and therefore the inter-particle separation is much 
smaller compared with any sample sizes discussed above at the same volumetric 
concentration.  
Overall the SM model has a better simulation performance than the LB model for this 
particle size although neither of them give a perfect fit to the experimental results in 
the higher frequency range towards the higher concentration region. At lower 
frequency, the SM model works with confidence up to 20 MHz.  
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Figure 0.13 Attenuation plotted against frequency for 100 nm nominal size silica in water at 
different concentration at 25 °C, measured experimentally by Ultrasizer and compared with 
simulation results given by the Lloyd and Berry multiple scattering (LB) and the shear model 
(SM).  
5.4.5 Sound attenuation per wavelength against dimensionless 
wavenumber for silica of different sizes at the same volumetric 
concentration  
The attenuation per wavelength can be calculated by multiplying the attenuation by 
the wavelength of the compressional wave in the continuous phase (water), and can 
be plotted against the dimensionless wavenumber Re(𝑘𝑠𝑟) for all particle sizes at a 
constant concentration (about 13%), to show the combined effects of particle size and 
frequency, as shown in Figure 0.14. The results shown here were calculated for all 
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particle sizes (100 to 1000 nm) in a broad range of frequencies (1 to 100 MHz) which 
allows a full exploration of a range of |𝑘𝑠𝑟| (0.1 to 10) mostly in the long compressional 
wavelength limit |𝑘𝑐𝑟| < 0.1. At the upper |𝑘𝑠𝑟| limit here the |𝑘𝑐𝑟| is equal to 0.1 
when frequency is about 50 MHz and |𝑘𝑠𝑟| ≈ 8 . It is thus safe to confirm the 
dependence of attenuation on |𝑘𝑠𝑟| here as the transition factors in the ∆𝑐𝑠  terms 
(see Equation 2.68 in Chapter 2 section 2.6) are dependent on both the compressional 
and shear dimensionless wavenumbers 𝑘𝑐𝑟  and 𝑘𝑠𝑟  respectively beyond the long 
compressional wavelength limit and the effect of 𝑘𝑐𝑟  is negligible in the long 
compressional wavelength limit.  
It can be seen that attenuation per wavelength calculated with the measured or 
predicted attenuation increases with increased |𝑘𝑠𝑟|  in the lower |𝑘𝑠𝑟| 
region (|𝑘𝑠𝑟| < 1) until they reach a peak and then decreases towards higher |𝑘𝑠𝑟| 
(|𝑘𝑠𝑟| > 1). The LB model seems to over-estimate the attenuation in the region where  
|𝑘𝑠𝑟| ≈ 1 where the SM model agrees better with the experimental data (except for 
the silica suspension of 250 nm when  |𝑘𝑠𝑟| > 1 and neither models can give a good 
prediction).  
By comparing the plots for LB and SM models for bigger particle sizes (1000 nm and 
500 nm), it can be seen that the curve of attenuation per wavelength predicted by the 
LB model shows a peak at around |𝑘𝑠𝑟| ≈ 1. This peak is reduced in amplitude and 
shifted to the right by including the shear effects to the acoustic only multiple 
scattering. The difference between the LB and SM models is greatest when |𝑘𝑠𝑟| is 
around 1 and tends to be very small towards the higher |𝑘𝑠𝑟| limit. Similarly, for the 
smaller particle sizes (250 nm and 100 nm), the SM model deviates from the LB model 
as they approach |𝑘𝑠𝑟| ≈ 1 and greatest difference occurs when |𝑘𝑠𝑟| ≈ 1. The LB 
model seems to converge with the SM model towards the lower |𝑘𝑠𝑟| limit. The shear 
effects, representing by the ∆𝑐𝑠 terms (causing difference between LB and SM), on the 
effective wavenumber (see Equation 2.68 in Chapter 2 section 2.6) and therefore the 
attenuation per wavelength seem to increase with increased |𝑘𝑠𝑟| when |𝑘𝑠𝑟| < 1 
and decrease with increased |𝑘𝑠𝑟| when |𝑘𝑠𝑟| > 1. The significance of the ∆𝑐𝑠 terms 
seems to become vanishingly small at the smaller or larger |𝑘𝑠𝑟| limit and therefore 
the LB mode converges with the SM model. Thus, it can be concluded that the energy 
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reconversion between compressional and shear waves is greatest when |𝑘𝑠𝑟| ≈ 1 
where scattered shear waves have greatest impact on neighbouring particles. Overall, 
the SM model gives a better prediction than the LB model where |𝑘𝑠𝑟| ≈ 1.  
Overall the additional contribution of the shear mode should be considered in multiple 
scattering model used to interpret ultrasonic measurements in the lower frequency 
region where |𝑘𝑠𝑟| ≈ 1. The SM model is successful in reducing the prediction of 
attenuation by including the conversions between acoustic and shear modes to the 
multiple scattering model. The SM model is valid in the frequency range of 0-20 MHz 
(or |𝑘𝑠𝑟| ≈ 1) up to a concentration of 20% for a particle size of 100 to 1000 nm. The 
limitation of the SM model (e.g. under-prediction of attenuation) in the higher 
concentration region is not fully understood but is believed to lie in the fact that 
non-random particle location was assumed in the model and it is likely to be unrealistic 
in highly concentrated systems. Details of this discussion has recently been provided 
by Pinfield and Forrester [67]. It is possible that the new model developed is incapable 
of analysing all effective waves in suspension systems. Also, it is likely that there are 
errors in the ultrasound measurements due to incomplete dispersion of the prepared 
suspensions or aggregation during experiments. The hydrodynamics of the 
suspensions in the sample chamber during ultrasound measurements can also be a 
factor causing experimental error.  
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Figure 0.14 Attenuation per wavelength plotted against Re(𝑘𝑠𝑟) for 1000 nm, 500 nm, 250 
nm and 100 nm nominal size silica in water at a constant concentration by volume 
(approximate 13%) at 25 °C, calculated with experimental data collected by Ultrasizer and 
simulation results given by the Lloyd and Berry multiple scattering (LB) and the shear model 
(SM).  
5.5 Conclusion  
This chapter presented and discussed the experimental results for poly(DEA)-modified 
silica in acidic water measured by Pulser-Receiver system, velocity measurements by 
ResoscanTM and attenuation measurements for concentrated unmodified silica in 
water suspensions by UltrasizerTM. The measured velocity data were compared with 
simulations by Ultra-ScattererTM using the single scattering AC and multiple scattering 
LB/AC, and the measured attenuation spectra were used to validate the new model 
accounting for shear effects in multiple scattering.  
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In conclusion to the investigation of poly(DEA)-coated silica particle suspensions with 
Pulser-Receiver, the experimental data showed very good reproducibility. The speeds 
of sound obtained from the raw data for the poly(DEA)-coated silica samples were 
faster than in pure water and no particular trend in the speed at different pH was 
found. At lower frequency, there was no significant difference in the frequency 
responses between samples at different pH. A significant difference was found with 
10 MHz transducers (amplitude decreased as pH increased). The small difference in 
amplitude between the suspensions and water prevented attenuation spectra being 
produced. The data analysis was limited by the limited bandwidth of the 
Pulser-Receiver. Data obtained by this method were inconclusive and could be 
improved by using a more accurate ultrasonic instrument. Velocity of sound data were 
produced by ResoscanTM with higher accuracy and highly precise temperature control 
but only at a single frequency. The experimental results of velocity of sound show that 
the change in the size of the poly(DEA) shell with pH can be detected although the pH 
condition has a great impact on the ultrasonic measurements. The comparison 
between experimental data and model predictions shows a reasonably good 
agreement between the measurements and model prediction at a concentration up 
to 10% by volume, using either the single scattering AC or multiple scattering AC/LB. 
The models seem to break down in higher concentration and they could be improved 
by including multi-mode multiple scattering in this core-shell particle in water system. 
It is important to note that there are a few areas of uncertainties in both the 
simulations and the experimental measurements. Firstly, in the simulations only some 
of the physical properties have been experimentally characterised and the rest them 
have been taken from earlier literature. For example, due to the difficulty 
characterising the properties of the poly(DEA) layer, they are either determined by 
calculation based on measurements or assumed the same as water. Also, the 
concentrations of poly(DEA)-coated silica have been corrected by calculation based on 
the volumetric change of these particles in acidic water and the particle diameter has 
been determined by particle sizing measurements. It is possible inaccuracies lie in this 
calculation. Overall, the shell can be experimentally detected by both the 
Pulser-Receiver system and the ResoscanTM. However, the data interpretation is not 
perfect with either the single scattering AC or multiple scattering AC/LB. It is possible 
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to exclude the effect of pH condition on the ultrasonic measurements and this is a 
potential area for future work.  
To conclude the study of ultrasound propagation in concentrated silica suspensions, 
for the 1000 nm (diameter) large particle sample, the SM model has been shown to 
be indistinguishable predicting the attenuation from the LB model for a concentration 
up to 20%. This is due to the fact that the shear effects are negligible for this particle 
size in this concentration region. Above this concentration, the SM model gives a 
better estimate than the LB model for a frequency up to 10 MHz. The overall 
performance of the SM model is better than the LB for the 100 nm samples, where 
the LB model broke down at higher concentrations just as expected. The predicted 
results by the SM model agree better with the experimental data for this sample. The 
results for 500 nm and 250 nm samples have similar trends, where in the lower 
frequency range the SM model works better and at higher frequencies it is not as good 
as the LB model. In the higher frequency region, the SM model is expected to converge 
to the LB model but this has not been observed. The simulation results for 500 nm 
sample show a different curvature from the experimental plot in the higher 
concentration region, where the SM model seems to fail.  Overall, the SM model is 
valid in a frequency range of 0-20 MHz in a concentration region of up to 20% for a 
particle size of 100-1000 nm. The combined effects of frequency and particle size on 
attenuation are shown by comparing the plots of attenuation per wavelength against 
Re(𝑘𝑠𝑟) for LB and SM models at the same concentration for different particle sizes. 
It can be seen that the curve of attenuation per wavelength predicted by the LB model 
shows a peak (at around |𝑘𝑠𝑟| ≈ 1), which is reduced in amplitude and shifted to the 
right by including the shear mode to the acoustic only multiple scattering (the SM 
model). The shear effects, represented by the ∆𝑐𝑠 terms (causing difference between 
LB and SM), on the effective wavenumber (see Equation 2.68 in Chapter 2 section 2.6) 
and therefore the attenuation per wavelength seem to increase with increased |𝑘𝑠𝑟| 
when |𝑘𝑠𝑟| < 1 and decrease with increased |𝑘𝑠𝑟| when |𝑘𝑠𝑟| > 1. The significance 
of the ∆𝑐𝑠 terms seems to become vanishingly small at the smaller or larger |𝑘𝑠𝑟| limit 
and therefore the LB mode converges with the SM model. Thus, it can be concluded 
that the energy reconversion between compressional and shear waves is greatest 
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when |𝑘𝑠𝑟| ≈ 1 where scattered shear waves have greatest impact on neighbouring 
particles and the shear model gives a better prediction than the LB model.  
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Chapter 6 Summary, conclusions and 
future work 
6.1 Summary  
Chapter 1 presented a brief introduction of the background of this work and the 
framework of this thesis.  
Chapter 2 gave an overview of the theories of ultrasound propagation in particulate 
systems. The basic knowledge of ultrasound propagation was provided and the 
measurement techniques for ultrasonic characterisation were described and 
compared. A detailed and comprehensive review of the development of the single 
scattering ECAH model was provided, followed by various approaches to calculate the 
effective wavenumber (relating to sound attenuation or velocity) including the LB 
model, where the limitations of the models were also discussed. The new model 
accounting for shear effects in concentrated suspensions was introduced and a tour of 
the development of the Anson and Chivers model for core-shell particles was also 
provided.  
Chapter 3 provided a full description of the method employed to derive analytical 
solutions for the zero and first partial wave order scattering coefficients 𝐴0 and 𝐴1 for 
the Anson and Chivers core-shell model. The derivation of the analytical formulae was 
performed using MapleTM 18. The accuracy of the analytical formulae was tested by 
two approaches: (a) by numerical comparison with the original full matrix model, 
programmed with MATLAB, using two examples, a solid core with a liquid shell and a 
liquid core with a solid shell, in a fixed frequency range and temperature; (b) by 
analytical and numerical comparison in special cases with the ECAH model, where the 
core or the shell is assumed vanishingly small, using the physical properties of the 
same examples in (a).  
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Chapter 4 gave a full description of the experimental methods used in this research, 
including the production of particle suspensions and the ultrasonic measurements. 
The procedure of attaching the poly(DEA) brushes to nano-silica particles and the 
methods and techniques used to characterise the modified and unmodified particles 
were provided. The description of the ultrasonic experiments was divided into two 
sections based on the particulate systems investigated, including (a) nano-silica 
particles modified with pH-responsive poly(DEA) brushes dispersed in acidic water and 
(b) micro/nano-silica particles suspensions at varying concentrations. In each section, 
a detailed description of the sample preparation procedure was provided, followed by 
a brief introduction of the experimental set-up and the experimental procedure of the 
ultrasonic measurements.  
Chapter 5 presented and discussed the results of the ultrasonic experiments for the 
two suspension systems investigated in this research, with the ultrasonic instruments 
described following the experimental procedures in Chapter 4. The two suspension 
systems investigated experimentally are suspensions of silica particles modified with 
pH-responsive poly(DEA) brushes and monodispersed silica particle suspensions at 
varying concentrations. The experimental results for concentrated silica particle 
suspensions were compared with theoretical predictions using the multiple scattering 
model by Lloyd and Berry and the new shear model by Forrester and Pinfield. The 
sound velocity results of suspensions of poly(DEA)-modified silica particles were 
compared with the Anson and Chivers core-shell model (single scattering) and the 
Lloyd and Berry multiple scattering different scattering model using the coefficient 
obtained by the Anson and Chivers model. The results for the characterisation of 
poly(DEA)-modified silica as well as unmodified silica by experimental measurement 
and calculation were used for the model simulation.  
The investigation of poly(DEA)-coated silica suspensions was carried out with two sets 
of measurements including (a) samples at 10%wt concentration, measured with the 
Pulser-Receiver ultrasonic system in pulse-echo mode with fixed path-lengths, for 4 
transducer pairs with different centre frequencies, with moderate temperature 
control and (b) samples at a range of concentrations and pH, measured using 
ResoscanTM to obtain high accuracy velocity of sound measurement, with precise 
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temperature control. The Pulser-Receiver system was used for a feasibility study to 
determine whether ultrasound could be used to detect changes in the shell layer of 
the poly(DEA)-coated silica with pH. The main aim of this experimental investigation 
was to establish the possibility of using ultrasonic spectroscopy as a tool for 
monitoring the pH-responsive poly(DEA)-modified silica particles in water. The 
suspension was made at 10% by weight concentration and the ultrasonic 
measurement was carried out with four pairs of transducers with centre frequencies 
of 1, 5, 10 and 15 MHz using the Olympus Model 5072PR Pulser-Receiver with 
temperature controlled at 25.0±0.5 °C (by immersing the sample cell in a temperature 
controlled water bath). The frequency domain response and speed of sound in the 
frequency range of 1 to 20 MHz were obtained. A further study of the effect of the 
polymer shell thickness (and so other properties) due to pH change on the ultrasonic 
characteristics was carried out using the ResoscanTM system to collect highly precise 
sound velocity data for poly(DEA)-coated silica suspensions at different pH with varied 
concentrations. The experimental results were compared with simulations by Anson 
and Chivers core-shell model (single scattering), and Lloyd and Berry multiple 
scattering model using the scattering coefficient calculated by Anson and Chivers 
model, to find the shell properties that best matched experimental results. Four 
samples were prepared at a weight concentration of 13% (which corresponds to a 
volumetric concentration of 8.29%) for pH 4, 5, 6 and 7 respectively. Sound velocity 
measurements were performed for each sample followed by dilution steps for a new 
measurement at a lower concentration. This was repeated until the volumetric 
concentration was 0.50%.  
The second part of experimental programme focused on concentrated silica 
suspensions with different particle sizes and concentrations. The purpose of this 
experimental investigation was to study the shear effect in concentrated systems and 
the applicability of the new shear model developed by Forrester and Pinfield as well 
as its advantage over the classic model of ECAH/LB. The suspensions for ultrasonic 
measurements were prepared with initial nominal volumetric concentrations of 20% 
for samples with particle sizes of 100 nm and 250 nm, and 40% for samples with 
particle sizes of 500 nm and 1000 nm. The concentrations were brought down to 3% 
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at about 3% intervals for attenuation measurements as the samples were diluted. The 
simulation results by the new model were compared with the classic ECAH/LB model.  
6.2 Conclusions  
Based on the theoretical and experimental work carried out in this research, the 
principal conclusions of this thesis are:  
The new model developed to include shear effects on multiple scattering in 
concentrated suspensions has been shown to be valid in a frequency range of 
0-20 MHz, in a concentration region of up to 20%, for a particle size of 100-1,000 nm. 
This limit corresponds to a dimensionless shear wavenumber |𝑘𝑠𝑟| ≈ 1 where the 
conversion between compressional and shear waves is greatest and the shear model 
gives a better prediction on the attenuation spectra than the classic ECAH/LB model. 
However, the convergence of the shear model with the ECAH/LB model was not seen 
beyond this limit and it indicates the possibility that the new model developed is 
incapable of analysing all effective waves in suspensions systems.  
The derivation of the analytical solutions of the zero and first partial wave order 
scattering coefficients 𝐴0  and 𝐴1  for core-shell particles was successful with some 
assumptions. Both 𝐴0 and 𝐴1 were derived for long compressional wave limit, which 
means they are only valid when the acoustic wavelength is much longer than the 
particle size. 𝐴1 is also restricted to the long shear wave limit for the core and shell 
where the shear wavelengths are much longer than the size of the core or the whole 
particle. The limiting cases of small core or shell showed that there are some material 
phase assumptions in the core-shell model which causes the derived analytical 
solutions to break down under certain conditions (when the hybrid particle becomes 
nearly homogeneous).  
It is possible to use ultrasound to detect the change of the pH-responsive shell of core-
shell particles using the Pulser-Receiver system or the ResoscanTM system. However, 
the measurements made with the Pulser-Receiver system are inclusive due to the 
limited data analysis because of limited bandwidth of the system, and the 
experimental errors caused by transducer misalignment, lack of precise temperature 
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control, incomplete particle dispersion and so on. ResoscanTM gave much better 
velocity of sound measurements but only at a single frequency. The results show that 
the size change in the polymer shell with pH can be detected although the pH 
condition has a great impact on the ultrasonic measurements. The interpretation of 
the core-shell model (either single scattering or multiple scattering) is not good 
enough possibly due to the change in the properties of the shell when the core-shell 
particles are dispersed in acidic water, i.e. the hydrodynamic concentration due to the 
expansion of the polymer shell is very high and it triggers multi-mode multiple 
scattering in the suspension. The models have not considered the change in the other 
physical properties of the shell besides the size as pH changes, such as the shell density 
and viscosity, which also affect the ultrasound velocity. Uncertainties also lie in the 
fact that most of the physical properties of the shell are assumed the same as water 
and the calculation of the hydrodynamic concentration.  
6.3 Future work  
A number of potential areas of future work have been identified during this research 
work.  
The analytical work on scattering coefficients of the core-shell model has shown some 
success but will benefit from some further improvement on the zero-order coefficient 
𝐴0 and some generalisation on the first-order coefficient 𝐴1. Now that the leading 
term in the series (in 𝑘𝑐1
3 𝑟𝑠
3) of the full analytical 𝐴0 solution has been found to be 
inadequate (even with extra terms to account for viscous contribution arise from the 
second term in the series of the full analytical solution) as an estimate for the full 
matrix model in the non-thermal part, it is recommended that to the second term in 
𝑘𝑐1
5 𝑟𝑠
5 (or more terms if necessary) be explored and that more terms be included to 
the non-thermal part of 𝐴0 to improve the over accuracy of analytical solution of 𝐴0. 
This can be done by running tests on the numerical significance of terms in in 𝑘𝑐1
5 𝑟𝑠
5. 
On the other hand, long shear wavelength limit has been assumed for the core and 
shell for the derivation of the first-order coefficient 𝐴1. It will extend the applicability 
of the analytical solution if the restriction of long shear wavelength limit can be 
removed. The success of these areas of work will lead to two directions of further work: 
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(a) the production of a more generalised solution to 𝐴0  and 𝐴1, which is relatively 
simple and can be used to calculate the effective wavenumber and therefore the 
attenuation and velocity of sound for real core-shell particles, once integrated with 
the approaches by Foldy or Lloyd and Berry. The combined model can then be 
validated against the original Anson and Chivers model or other core-shell models 
using core-shell particle suspension examples; (b) the development of an analytical 
model for concentrated particulate systems, using Hipp’s effective medium 
modification, where the shell size is related to the volume fraction and effective 
properties are used.  
The experimental investigation of poly(DEA)-coated silica suspensions shows that the 
pH condition of the system has significant impact on the velocity measurements using 
ultrasound. It is possible to separate the pH effect from the ultrasonic measurements, 
e.g. by subtracting the sound velocity results for the suspending medium from the 
measured sound velocity in the poly(DEA)-coated silica suspensions, following the 
approach by Sarvazyan et al. [76]. The data interpretation using the core-shell model 
is not good enough possibly due to the change in the properties of the shell when the 
core-shell particles are dispersed in acidic water, i.e. the hydrodynamic concentration 
is very high and it triggers multi-mode multiple scattering in the suspension. This could 
be improved by combining the core-shell model with a multiple scattering model 
accounting for thermal and shear effects, e.g. the shear model using the coefficient 
evaluated by the core-shell model.  
The theoretical and experimental work on concentrated suspensions shows that the 
new model developed to included acoustic-shear interactions to multiple scattering is 
valid over a certain range of frequency, particle concentration and size. The model 
seems to have its difficulty at higher concentration and smaller particle size. Thus, 
further investigation on these areas can be carried out to explore the range of validity 
of the model.  
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Appendix  
Appendix 1.1  
 
 
Figure A.1.1 Hankel functions (a) and Bessel functions (b) of the order of 𝑛 = 0, 1, 2 for real 
arguments as wavenumber-radius products.  
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Appendix 1.2  
 
Figure A.1.2 Polar diagram of the magnitude of 𝑃0(cos 𝜃)representing the distribution of 
scattered wave depending on the angle respective to the propagation direction: (a) zeroth 
order and first order, and (b) zeroth and second order, adapted from [6].  
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Appendix 1.3 
The left-hand side of the six by six matrix in Equation 2.42 is defined by Challis et al. 
[64]. The elements are expressed individually as 𝑀𝑖𝑗, where 𝑖 is the number of row and 
𝑗 is the number of column:  
𝑀11 = 𝑎𝑐1ℎ𝑛
′ (𝑎𝑐1) 
𝑀21 = ℎ𝑛(𝑎𝑐1) 
𝑀31 = 𝜂1[(𝑎𝑠1
2 − 2𝑎𝑐1
2 )ℎ𝑛(𝑎𝑐1) − 2𝑎𝑐1
2 ℎ𝑛
′′(𝑎𝑐1)] 
𝑀41 = 𝜂1[𝑎𝑐1ℎ𝑛
′ (𝑎𝑐1) − ℎ𝑛(𝑎𝑐1)] 
𝑀51 = 𝑏𝑐1ℎ𝑛(𝑎𝑐1) 
𝑀61 = 𝜅1𝑏𝑐1𝑎𝑐1ℎ𝑛
′ (𝑎𝑐1) 
𝑀12 = 𝑎𝑡1ℎ𝑛
′ (𝑎𝑡1) 
𝑀22 = ℎ𝑛(𝑎𝑡1) 
𝑀32 = 𝜂1[(𝑎𝑠1
2 − 2𝑎𝑡1
2 )ℎ𝑛(𝑎𝑡1) − 2𝑎𝑡1
2 ℎ𝑛
′′(𝑎𝑡1)] 
𝑀42 = 𝜂1[𝑎𝑡1ℎ𝑛
′ (𝑎𝑡1) − ℎ𝑛(𝑎𝑡1)] 
𝑀52 = 𝑏𝑡1ℎ𝑛(𝑎𝑡1) 
𝑀62 = 𝜅1𝑏𝑡1𝑎𝑡1ℎ𝑛
′ (𝑎𝑡1) 
𝑀13 = −𝑛(𝑛 + 1)ℎ𝑛(𝑎𝑠1) 
𝑀23 = −[ℎ𝑛(𝑎𝑠1) + 𝑎𝑠1ℎ𝑛
1(𝑎𝑠1)] 
𝑀33 = 2𝑛(𝑛 + 1)𝜂1[𝑎𝑠1ℎ𝑛
1(𝑎𝑠1) − ℎ𝑛(𝑎𝑠1)] 
𝑀43 = −
𝜂1
2
[𝑎𝑠1
2 ℎ𝑛
′′(𝑎𝑠1) + (𝑛
2 + 𝑛 − 2)ℎ𝑛(𝑎𝑠1)] 
𝑀53 = 0 
𝑀63 = 0 
𝑀14 = 𝑖𝜔𝑎𝑐2𝑗𝑛
′ (𝑎𝑐2) 
𝑀24 = 𝑖𝜔𝑗𝑛(𝑎𝑐2) 
𝑀34 = −[(𝜔
2𝜌2𝑟
2 − 2𝜇2𝑎𝑐2
2 )𝑗𝑛(𝑎𝑐2) − 2𝜇2𝑎𝑐2
2 𝑗𝑛
′′(𝑎𝑐2)] 
𝑀44 = −𝜇2[𝑎𝑐2𝑗𝑛
′ (𝑎𝑐2) − 𝑗𝑛(𝑎𝑐2)] 
𝑀54 = 𝑖𝜔𝑏𝑐2𝑗𝑛(𝑎𝑐2) 
𝑀64 = 𝑖𝜔𝜅2𝑏𝑐2𝑎𝑐2𝑗𝑛(𝑎𝑐2) 
𝑀15 = 𝑖𝜔𝑎𝑡2𝑗𝑛
′ (𝑎𝑡2) 
𝑀25 = 𝑖𝜔𝑗𝑛(𝑎𝑡2) 
𝑀35 = −[(𝜔
2𝜌2𝑟
2 − 2𝜇2𝑎𝑡2
2 )𝑗𝑛(𝑎𝑡2) − 2𝜇2𝑎𝑡2
2 𝑗𝑛
′′(𝑎𝑡2)] 
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𝑀45 = −𝜇2[𝑎𝑡2𝑗𝑛
′ (𝑎𝑡2) − 𝑗𝑛(𝑎𝑡2)] 
𝑀55 = 𝑖𝜔𝑏𝑡2𝑗𝑛(𝑎𝑡2) 
𝑀65 = 𝑖𝜔𝜅2𝑏𝑡2𝑎𝑡2𝑗𝑛(𝑎𝑡2) 
𝑀16 = −𝑖𝜔𝑛(𝑛 + 1)𝑗𝑛(𝑎𝑠2) 
𝑀26 = −𝑖𝜔[𝑗𝑛(𝑎𝑠2) + 𝑎𝑠2𝑗𝑛
′ (𝑎𝑠2)] 
𝑀36 = −2𝑛(𝑛 + 1)𝜇2[𝑎𝑠2𝑗𝑛
′ (𝑎𝑠2) − 𝑗𝑛(𝑎𝑠2)] 
𝑀46 =
𝜇2
2
[𝑎𝑠2
2 𝑗𝑛
′′(𝑎𝑠2) + (𝑛
2 + 𝑛 − 2)𝑗𝑛(𝑎𝑠2)] 
𝑀56 = 0 
𝑀66 = 0 
where the wavenumber-radius products for the suspending phase (𝑖 = 1 ) and the 
suspended phase (𝑖 = 2) are defined as:  
𝑎𝑐𝑖 = 𝑘𝑐𝑖𝑟 
𝑎𝑡𝑖 = 𝑘𝑡𝑖𝑟 
𝑎𝑠𝑖 = 𝑘𝑠𝑖𝑟 
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Appendix 1.4  
The left-hand side of the twelve by twelve matrix in Equation 2.81 is defined by Anson 
and Chivers [4]. The elements are expressed individually as 𝑑𝑖𝑗, where 𝑖 is the number 
of row and 𝑖 is the number of column. The expressions are given here in the order of 
columns:  
For the first column:  
𝑑11 = 𝑛ℎ𝑛(𝑥𝑑1) − 𝑥𝑑1ℎ𝑛+1(𝑥𝑑1) 
𝑑21 = ℎ𝑛(𝑥𝑑1) 
𝑑31 =
𝑏𝑐1
𝑏𝑐2
ℎ𝑛(𝑥𝑑1) 
𝑑41 =
𝑏𝑐1
𝑏𝑐2
[𝑛ℎ𝑛(𝑥𝑑1) − 𝑥𝑑1ℎ𝑛+1(𝑥𝑑1)] 
𝑑51 =
𝜌1
𝜌2
[𝑇𝑋1ℎ𝑛(𝑥𝑑1) −
4𝑥𝑑1ℎ𝑛+1(𝑥𝑑1)
𝑥𝑠1
2 ] 
𝑑61 =
𝜌1
𝜌2
1
𝑥𝑠1
2
[(𝑛 − 1)ℎ𝑛(𝑥𝑑1) − 𝑥𝑑1ℎ𝑛+1(𝑥𝑑1)] 
For the second column:  
𝑑11 = 𝑛ℎ𝑛(𝑥𝑡1) − 𝑥𝑡1ℎ𝑛+1(𝑥𝑡1) 
𝑑21 = ℎ𝑛(𝑥𝑡1) 
𝑑31 =
𝑏𝑡1
𝑏𝑐2
ℎ𝑛(𝑥𝑡1) 
𝑑41 =
𝑏𝑡1
𝑏𝑐2
[𝑛ℎ𝑛(𝑥𝑡1) − 𝑥𝑡1ℎ𝑛+1(𝑥𝑡1)] 
𝑑51 =
𝜌1
𝜌2
[𝑇𝑋1ℎ𝑛(𝑥𝑡1) −
4𝑥𝑡1ℎ𝑛+1(𝑥𝑡1)
𝑥𝑠1
2 ] 
𝑑61 =
𝜌1
𝜌2
1
𝑥𝑠1
2
[(𝑛 − 1)ℎ𝑛(𝑥𝑡1) − 𝑥𝑡1ℎ𝑛+1(𝑥𝑡1)] 
For the third column:  
𝑑13 = −𝑛(𝑛 + 1)ℎ𝑛(𝑥𝑠1) 
𝑑23 = −[(𝑛 + 1)ℎ𝑛(𝑥𝑠1) − 𝑥𝑠1ℎ𝑛+1(𝑥𝑠1)] 
𝑑53 =
𝜌1
𝜌2
1
𝑥𝑠1
2 2𝑛(𝑛 + 1)[(𝑛 − 1)ℎ𝑛(𝑥𝑠1) − 𝑥𝑠1ℎ𝑛+1(𝑥𝑠1)] 
𝑑63 = −
𝜌1
𝜌2
1
𝑥𝑠1
2 [(𝑛
2 − 1 −
𝑥𝑠1
2
2
)ℎ𝑛(𝑥𝑠1) + 𝑥𝑠1ℎ𝑛+1(𝑥𝑠1)] 
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For the forth column: 
𝑑14 = 𝑛𝑗𝑛(𝑥𝑑2) − 𝑥𝑑2𝑗𝑛+1(𝑥𝑑2) 
𝑑24 = 𝑗𝑛(𝑥𝑑2) 
𝑑34 = 𝑗𝑛(𝑥𝑑2) 
𝑑44 =
𝜅2
𝜅1
[𝑛𝑗𝑛(𝑥𝑑2) − 𝑥𝑑2𝑗𝑛+1(𝑥𝑑2)] 
𝑑54 = 𝑇𝑋2𝑗𝑛(𝑥𝑑2) −
4𝑥𝑑2𝑗𝑛+1(𝑥𝑑2)
𝑥𝑠2
2  
𝑑64 =
1
𝑥𝑠2
2
[(𝑛 − 1)𝑗𝑛(𝑥𝑑2) − 𝑥𝑑2𝑗𝑛+1(𝑥𝑑2)] 
𝑑74 = 𝑛𝑗𝑛(𝑦𝑑2) − 𝑦𝑑2𝑗𝑛+1(𝑦𝑑2) 
𝑑84 = 𝑗𝑛(𝑦𝑑2) 
𝑑94 = 𝑗𝑛(𝑦𝑑2) 
𝑑104 =
𝜅2
𝜅3
[𝑛𝑗𝑛(𝑦𝑑2) − 𝑦𝑑2𝑗𝑛+1(𝑦𝑑2)] 
𝑑114 = 𝑇𝑌2𝑗𝑛(𝑦𝑑2) −
4𝑦𝑑2𝑗𝑛+1(𝑦𝑑2)
𝑦𝑠2
2  
𝑑124 =
1
𝑦𝑠2
2
[(𝑛 − 1)𝑗𝑛(𝑦𝑑2) − 𝑦𝑑2𝑗𝑛+1(𝑦𝑑2)] 
For the fifth column:  
𝑑15 = 𝑛𝑗𝑛(𝑥𝑡2) − 𝑥𝑡2𝑗𝑛+1(𝑥𝑡2) 
𝑑25 = 𝑗𝑛(𝑥𝑡2) 
𝑑35 =
𝑏𝑡2
𝑏𝑐2
𝑗𝑛(𝑥𝑡2) 
𝑑45 =
𝜅2
𝜅1
𝑏𝑡2
𝑏𝑐2
[𝑛𝑗𝑛(𝑥𝑡2) − 𝑥𝑡2𝑗𝑛+1(𝑥𝑡2)] 
𝑑55 = 𝑇𝑋2𝑗𝑛(𝑥𝑡2) −
4𝑥𝑡2𝑗𝑛+1(𝑥𝑡2)
𝑥𝑠2
2  
𝑑65 =
1
𝑥𝑠2
2
[(𝑛 − 1)𝑗𝑛(𝑥𝑡2) − 𝑥𝑡2𝑗𝑛+1(𝑥𝑡2)] 
𝑑75 = 𝑛𝑗𝑛(𝑦𝑡2) −
𝑟𝑐
𝑟𝑠
𝑥𝑡2𝑗𝑛+1(𝑦𝑡2) 
𝑑85 = 𝑗𝑛(𝑦𝑡2) 
𝑑95 =
𝑏𝑡2
𝑏𝑐2
𝑗𝑛(𝑦𝑡2) 
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𝑑105 =
𝜅2
𝜅3
𝑏𝑡2
𝑏𝑐2
[𝑛𝑗𝑛(𝑦𝑡2) −
𝑟𝑐
𝑟𝑠
𝑥𝑡2𝑗𝑛+1(𝑦𝑡2)] 
𝑑115 = 𝑇𝑌2𝑗𝑛(𝑦𝑡2) −
4
𝑟𝑐
𝑟𝑠
𝑥𝑡2𝑗𝑛+1(𝑦𝑡2)
𝑦𝑠2
2  
𝑑125 =
1
𝑦𝑠2
2 [(𝑛 − 1)𝑗𝑛(𝑦𝑡2) −
𝑟𝑐
𝑟𝑠
𝑥𝑡2𝑗𝑛+1(𝑦𝑡2)] 
For the sixth column:  
𝑑16 = −𝑛(𝑛 + 1)𝑗𝑛(𝑥𝑠2) 
𝑑26 = −[(𝑛 + 1)𝑗𝑛(𝑥𝑠2) − 𝑥𝑠2𝑗𝑛+1(𝑥𝑠2)] 
𝑑56 =
1
𝑥𝑠2
2 2𝑛(𝑛 + 1)[(𝑛 − 1)𝑗𝑛(𝑥𝑠2) − 𝑥𝑠2𝑗𝑛+1(𝑥𝑠2)] 
𝑑66 = −
1
𝑥𝑠2
2 [(𝑛
2 − 1 −
𝑥𝑠2
2
2
) 𝑗𝑛(𝑥𝑠2) + 𝑥𝑠2𝑗𝑛+1(𝑥𝑠2)] 
𝑑76 = −𝑛(𝑛 + 1)𝑗𝑛(𝑦𝑠2) 
𝑑86 = − [(𝑛 + 1)𝑗𝑛(𝑦𝑠2) −
𝑟𝑐
𝑟𝑠
𝑥𝑠2𝑗𝑛+1(𝑦𝑠2)] 
𝑑116 =
1
𝑦𝑠2
2 2𝑛(𝑛 + 1)[(𝑛 − 1)𝑗𝑛(𝑦𝑠2) − 𝑦𝑠2𝑗𝑛+1(𝑦𝑠2)] 
𝑑126 = −
1
𝑦𝑠2
2 [(𝑛
2 − 1 −
𝑦𝑠2
2
2
) 𝑗𝑛(𝑦𝑠2) + 𝑦𝑠2𝑗𝑛+1(𝑦𝑠2)] 
For the seventh column:  
𝑑17 = 𝑛ℎ𝑛(𝑥𝑑2) − 𝑥𝑑2ℎ𝑛+1(𝑥𝑑2) 
𝑑27 = ℎ𝑛(𝑥𝑑2) 
𝑑37 = ℎ𝑛(𝑥𝑑2) 
𝑑47 =
𝜅2
𝜅1
[𝑛ℎ𝑛(𝑥𝑑2) − 𝑥𝑑2ℎ𝑛+1(𝑥𝑑2)] 
𝑑57 = 𝑇𝑋2ℎ𝑛(𝑥𝑑2) −
4𝑥𝑑2ℎ𝑛+1(𝑥𝑑2)
𝑥𝑠2
2  
𝑑67 =
1
𝑥𝑠2
2
[(𝑛 − 1)ℎ𝑛(𝑥𝑑2) − 𝑥𝑑2ℎ𝑛+1(𝑥𝑑2)] 
𝑑77 = 𝑛ℎ𝑛(𝑦𝑑2) − 𝑦𝑑2ℎ𝑛+1(𝑦𝑑2) 
𝑑87 = ℎ𝑛(𝑦𝑑2) 
𝑑97 = ℎ𝑛(𝑦𝑑2) 
𝑑107 =
𝜅2
𝜅3
[𝑛ℎ𝑛(𝑦𝑑2) − 𝑦𝑑2ℎ𝑛+1(𝑦𝑑2)] 
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𝑑117 = 𝑇𝑌2ℎ𝑛(𝑦𝑑2) −
4𝑦𝑑2ℎ𝑛+1(𝑦𝑑2)
𝑦𝑠2
2  
𝑑127 =
1
𝑦𝑠2
2
[(𝑛 − 1)ℎ𝑛(𝑦𝑑2) − 𝑦𝑑2ℎ𝑛+1(𝑦𝑑2)] 
For the eighth column:  
𝑑18 = 𝑛ℎ𝑛(𝑥𝑡2) − 𝑥𝑡2ℎ𝑛+1(𝑥𝑡2) 
𝑑28 = ℎ(𝑥𝑡2) 
𝑑38 =
𝑏𝑡2
𝑏𝑐2
ℎ𝑛(𝑥𝑡2) 
𝑑48 =
𝜅2
𝜅1
𝑏𝑡2
𝑏𝑐2
[𝑛ℎ𝑛(𝑥𝑡2) − 𝑥𝑡2ℎ𝑛+1(𝑥𝑡2)] 
𝑑58 = 𝑇𝑋2ℎ𝑛(𝑥𝑡2) −
4𝑥𝑡2ℎ𝑛+1(𝑥𝑡2)
𝑥𝑠2
2  
𝑑68 =
1
𝑥𝑠2
2
[(𝑛 − 1)ℎ𝑛(𝑥𝑡2) − 𝑥𝑡2ℎ𝑛+1(𝑥𝑡2)] 
𝑑78 = 𝑛ℎ𝑛(𝑦𝑡2) −
𝑟𝑐
𝑟𝑠
𝑥𝑡2ℎ𝑛+1(𝑦𝑡2) 
𝑑88 = ℎ𝑛(𝑦𝑡2) 
𝑑98 =
𝑏𝑡2
𝑏𝑐2
ℎ𝑛(𝑦𝑡2) 
𝑑108 =
𝜅2
𝜅3
𝑏𝑡2
𝑏𝑐2
[𝑛ℎ𝑛(𝑦𝑡2) −
𝑟𝑐
𝑟𝑠
𝑥𝑡2ℎ𝑛+1(𝑦𝑡2)] 
𝑑118 = 𝑇𝑌2ℎ𝑛(𝑦𝑡2) −
4
𝑟𝑐
𝑟𝑠
𝑥𝑡2ℎ𝑛+1(𝑦𝑡2)
𝑦𝑠2
2  
𝑑128 =
1
𝑦𝑠2
2 [(𝑛 − 1)ℎ𝑛(𝑦𝑡2) −
𝑟𝑐
𝑟𝑠
𝑥𝑡2ℎ𝑛+1(𝑦𝑡2)] 
For the ninth column:  
𝑑19 = −𝑛(𝑛 + 1)ℎ𝑛(𝑥𝑠2) 
𝑑29 = −[(𝑛 + 1)ℎ𝑛(𝑥𝑠2) − 𝑥𝑠2ℎ𝑛+1(𝑥𝑠2)] 
𝑑59 =
1
𝑥𝑠2
2 2𝑛(𝑛 + 1)[(𝑛 − 1)ℎ𝑛(𝑥𝑠2) − 𝑥𝑠2ℎ𝑛+1(𝑥𝑠2)] 
𝑑69 = −
1
𝑥𝑠2
2 [(𝑛
2 − 1 −
𝑥𝑠2
2
2
)ℎ𝑛(𝑥𝑠2) + 𝑥𝑠2ℎ𝑛+1(𝑥𝑠2)] 
𝑑79 = −𝑛(𝑛 + 1)ℎ𝑛(𝑦𝑠2) 
𝑑89 = − [(𝑛 + 1)ℎ𝑛(𝑦𝑠2) −
𝑟𝑐
𝑟𝑠
𝑥𝑠2ℎ𝑛+1(𝑦𝑠2)] 
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𝑑119 =
1
𝑦𝑠2
2 2𝑛(𝑛 + 1)[(𝑛 − 1)ℎ𝑛(𝑦𝑠2) − 𝑦𝑠2ℎ𝑛+1(𝑦𝑠2)] 
𝑑129 = −
1
𝑦𝑠2
2 [(𝑛
2 − 1 −
𝑦𝑠2
2
2
)ℎ𝑛(𝑦𝑠2) + 𝑦𝑠2ℎ𝑛+1(𝑦𝑠2)] 
For the tenth column:  
𝑑710 = 𝑛𝑗𝑛(𝑦𝑑3) − 𝑦𝑑3𝑗𝑛+1(𝑦𝑑3) 
𝑑810 = 𝑗𝑛(𝑦𝑑3) 
𝑑910 =
𝑏𝑐3
𝑏𝑐2
𝑗𝑛(𝑦𝑑3) 
𝑑1010 =
𝑏𝑐3
𝑏𝑐2
[𝑛𝑗𝑛(𝑦𝑑3) − 𝑦𝑑3𝑗𝑛+1(𝑦𝑑3)] 
𝑑1110 =
𝜌3
𝜌2
[𝑇𝑋3𝑗𝑛(𝑦𝑑3) −
4𝑦𝑑3𝑗𝑛+1(𝑦𝑑3)
𝑦𝑠3
2 ] 
𝑑1210 =
𝜌3
𝜌2
1
𝑦𝑠3
2
[(𝑛 − 1)𝑗𝑛(𝑦𝑑3) − 𝑦𝑑3𝑗𝑛+1(𝑦𝑑3)] 
For the eleventh column:  
𝑑711 = 𝑛𝑗𝑛(𝑦𝑡3) − 𝑦𝑡3𝑗𝑛+1(𝑦𝑡3) 
𝑑811 = 𝑗𝑛(𝑦𝑡3) 
𝑑911 =
𝑏𝑡3
𝑏𝑐2
𝑗𝑛(𝑦𝑡3) 
𝑑1011 =
𝑏𝑡3
𝑏𝑐2
[𝑛𝑗𝑛(𝑦𝑡3) − 𝑦𝑡3𝑗𝑛+1(𝑦𝑡3)] 
𝑑1111 =
𝜌3
𝜌2
[𝑇𝑌3𝑗𝑛(𝑦𝑡3) −
4𝑦𝑡3𝑗𝑛+1(𝑦𝑡3)
𝑦𝑠3
2 ] 
𝑑1211 =
𝜌3
𝜌2
1
𝑦𝑠3
2
[(𝑛 − 1)𝑗𝑛(𝑦𝑡3) − 𝑦𝑡3𝑗𝑛+1(𝑦𝑡3)] 
For the last column:  
𝑑712 = −𝑛(𝑛 + 1)𝑗𝑛(𝑦𝑠3) 
𝑑812 = −[(𝑛 + 1)𝑗𝑛(𝑦𝑠3) − 𝑦𝑠3𝑗𝑛+1(𝑦𝑠3)] 
𝑑1112 =
𝜌3
𝜌2
1
𝑦𝑠3
2 2𝑛(𝑛 + 1)[(𝑛 − 1)𝑗𝑛(𝑦𝑠3) − 𝑦𝑠3𝑗𝑛+1(𝑦𝑠3)] 
𝑑1212 = −
𝜌3
𝜌2
1
𝑦𝑠3
2 [(𝑛
2 − 1 −
𝑦𝑠3
2
2
) 𝑗𝑛(𝑦𝑠3) + 𝑦𝑠3𝑗𝑛+1(𝑦𝑠3)] 
The elements on the right-hand side are:  
𝐶1 = −[𝑛𝑗𝑛(𝑥𝑑1) − 𝑥𝑑1𝑗𝑛+1(𝑥𝑑1)] 
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𝐶2 = −𝑗𝑛(𝑥𝑑1) 
𝐶3 = −
𝑏𝑐1
𝑏𝑐2
𝑗𝑛(𝑥𝑑1) 
𝐶4 = −
𝑏𝑐1
𝑏𝑐2
[𝑛𝑗𝑛(𝑥𝑑1) − 𝑥𝑑1𝑗𝑛+1(𝑥𝑑1)] 
𝐶5 = −
𝜌1
𝜌2
[𝑇𝑋1𝑗𝑛(𝑥𝑑1) −
4𝑥𝑑1𝑗𝑛+1(𝑥𝑑1)
𝑥𝑠1
2 ] 
𝐶6 = −
𝜌1
𝜌2
1
𝑥𝑠1
2
[(𝑛 − 1)𝑗𝑛(𝑥𝑑1) − 𝑥𝑑1𝑗𝑛+1(𝑥𝑑1)] 
where the wavenumber-radius products for the core (𝑖 = 1), the shell (𝑖 = 2) and the 
surrounding material (𝑖 = 3) are defined as:  
𝑥𝑑𝑖 = 𝑘𝑐𝑖𝑟𝑠 
𝑥𝑡𝑖 = 𝑘𝑡𝑖𝑟𝑠 
𝑥𝑠𝑖 = 𝑘𝑠𝑖𝑟𝑠 
𝑦𝑑𝑖 = 𝑘𝑐𝑖𝑟𝑐 
𝑦𝑡𝑖 = 𝑘𝑡𝑖𝑟𝑐 
𝑦𝑠𝑖 = 𝑘𝑠𝑖𝑟𝑐 
The following terms are used for the shear terms:  
𝑇𝑋𝑖 = 1 −
2𝑛(𝑛 − 1)
𝑥𝑠𝑖
2  
𝑇𝑌𝑖 = 1 −
2𝑛(𝑛 − 1)
𝑥𝑦𝑖
2  
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Appendix 2.1  
Programme code in Maple 18TM for solution to 𝐴0:  
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Appendix 2.2  
Programme code in Maple 18TM for solution to 𝐴1:  
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